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MSL Technical Guide 35 
 

Emissivity of 
Blackbody Cavities

 

 

Introduction 
Blackbodies are commonly used as a transfer medium 

in the calibration of radiation thermometers. The ideal 
blackbody is perfectly isothermal and has an emissivity of 
precisely 1 at all wavelengths. However, no real material 
has an emissivity as high as 1, so practical blackbodies 
are created by forming a cavity, made to be as isothermal 
as possible, inside a material with a relatively high intrinsic 
emissivity (~0.9). These cavities take advantage of multi-
ple internal reflections to provide an effective emissivity 
very close to 1 (~0.995 or higher). A radiation thermome-
ter can then view the approximately-blackbody radiation 
emerging through an aperture at the front of the cavity. 

In general, the local effective emissivity of a blackbody 
cavity varies at each point along the inside of the cavity 
walls, and depends largely on the intrinsic emissivity of 
the cavity material and the geometry of the cavity. When 
a radiation thermometer views the inside of a blackbody 
cavity, the effective emissivity that it sees is a weighted 
average of the local effective emissivities of the cavity 
walls within the thermometer’s field of view. This inte-
grated emissivity will vary from thermometer to thermom-
eter, and will vary for a single thermometer if its focal point 
is changed – for example, by moving the thermometer so 
that it is focused either on the cavity aperture or on the 
cavity base. 

The local effective emissivity of the cavity walls is also 
affected by any temperature non-uniformities along the 
length of the cavity. Often, the front of the cavity is cooler 
than the base due to heat loss through the aperture. This 
effect causes the local effective emissivity to become de-
pendent on wavelength, and thus the integrated emissiv-
ity for a given radiation thermometer will depend on its 
operating wavelength and bandwidth. 

In order to properly calibrate a radiation thermometer, 
it is essential that the integrated emissivity of the cavity is 
known for the device under calibration (DUC). When a ra-
diation thermometer is also used as the reference device 
(REF), it is also essential that the integrated emissivity is 
known for the REF, as the integrated emissivities for the 
two devices will differ if the DUC and REF have different 
fields of view or operate at different wavelengths. 

The purpose of this technical guide is to provide ad-
vice on how to calculate the integrated emissivity for any 
cavity/thermometer combination. If high accuracy is not 
required, and if the cavity is approximately isothermal, 
then a simple formula can be used to determine the inte-
grated emissivity. However, for high accuracy, methods 
for calculating the integrated emissivity are highly mathe-
matical and require iterative algorithms to achieve a solu-
tion. Hence, this technical guide is accompanied by a soft-
ware application that implements algorithms to calculate 

both the local effective emissivity at all points on the inside 
of a cavity and the integrated emissivity for a radiation 
thermometer viewing the cavity. Instructions for using the 
software are included in this technical guide, and for those 
readers interested, the mathematical details are given in 
the appendices. 

Blackbody Radiation 
The radiation emitted by an ideal blackbody is de-

scribed by Planck’s law for spectral radiance, as a func-
tion of temperature T and wavelength λ: 
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where the units of T are kelvin, and c1 and c2 are known 
as the first and second radiation constants, respectively, 
and have values c1 = 1.191 042 82 × 10–16 W m2 and 
c2 = 0.014 388 m K. The subscript b on the symbol L indi-
cates that the spectral radiance is that of an ideal black-
body. 

In general, the cavities used for radiation thermometer 
calibrations are not ideal blackbodies, but have an effec-
tive emissivities somewhat less than 1 and exhibit some 
degree of temperature non-uniformity. Thus, each point 
inside the cavity will have a spectral radiance given by 
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where effε is the local effective emissivity at that point of 
the cavity, and 0T  can be arbitrarily defined as the tem-
perature at the centre of the base of the cavity. Note that 
εeff will depend on the geometry of the cavity, the intrinsic 
emissivity at each point in the cavity, and the temperature 
distribution within the cavity. Also note that the local effec-
tive emissivity at any point inside the cavity may be 
greater than 1 if the temperature of that point is higher 
than 0T . 

Radiation Thermometer Signal 
When a radiation thermometer views a cavity, the sig-

nal produced is equal to the integral of equation (2) over 
the thermometer’s spectral responsivity, R(λ), and over 
the thermometer’s field of view, resulting in: 
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Figure 1. The field of view of a radiation thermometer is separated into an umbral region (dark shading) and a penumbral region (light 

shading). All the rays from the cavity surface within the umbral region that pass through the measurement spot at the focal plane are 

detected, but only some of those rays within the penumbral region are detected. 

 
where bbε  is the integrated emissivity of the cavity/ther-
mometer combination and T is the temperature that would 
be inferred by the thermometer in the absence of any 
other effects (such as ambient effects and the size-of-
source effect; see [1, 2] for a discussion of these). In 
equation (3), it has been assumed that the value of εeff at 
each point in the cavity does not vary over the wavelength 
range covered by the thermometer’s spectral responsiv-
ity. The value of the integrated emissivity, bbε , then de-
pends on the distribution of local effective emissivity val-
ues within the field of view of the thermometer. 

The field of view of a typical radiation thermometer, 
illustrated in Figure 1, comprises two zones: a zone that 
is fully seen by the detector (the umbral region), and a 
zone that is only partially seen by the detector (the pe-
numbral, or partially-vignetted, region). The locations of 
these two regions are determined by two apertures within 
the optical system of the thermometer, and by the focal 
length of the optical system. The two apertures are re-
ferred to as the aperture stop and the field stop. The ap-
erture stop (equivalent to the f-stop in a camera) deter-
mines the solid angle of rays that are detected by the ther-
mometer, and the field stop determines the size of the 
measurement spot at the focal plane. For focusable radi-
ation thermometers, the aperture stop should sit behind 
the lens (as shown in Figure 1), but for fixed-focus instru-
ments, the aperture stop may coincide with the lens 
holder or may be positioned in front of the lens. 

To determine the locations of the umbral and penum-
bral regions, we define an ‘apparent’ aperture stop to be 
the projection of the actual aperture stop through the op-
tical system, and this defines the plane from which the 
working distance (focal distance) is measured (see Fig-
ure 1). Note that when the aperture stop coincides with 
the lens holder or is in front of the optical system, then the 
apparent aperture stop is identical to the real aperture 
stop 

The umbral and penumbral regions are determined by 
extending the four lines from the top and bottom of the 
apparent aperture stop to each of the top and bottom of 
the measurement spot, at the focal plane, onto the sur-
face of the cavity. In Figure 1 the umbral and penumbral 
regions are shown by the darker and lighter shadings, re-
spectively. As drawn, the focal plane is at the opening of 
the cavity, but by moving the thermometer relative to the 
cavity, the focal plane can be positioned at any location. 
Any ray from within the umbral region on the cavity sur-
face that passes through the measurement spot (or can 
be back-projected through the measurement spot if the 
cavity surface is closer than the focal distance) intersects 

the apparent aperture stop, and is thus detected. How-
ever, only some of the rays from within the penumbral re-
gion that pass through the measurement spot will inter-
sect the apparent aperture stop, and this fraction de-
creases towards the outer part of the penumbral region. 
Beyond the penumbral region, none of the rays that pass 
through the measurement spot intersect the apparent ap-
erture stop, and so none are detected. 

The software associated with this Technical Guide au-
tomatically determines the locations of the umbral and pe-
numbral regions and calculates the value of bbε  accord-
ingly. 

Calculating the Local Effective Emissiv-
ity 

Several methods have been developed for calculating 
the local effective emissivity, effε , of blackbody cavities. 
The method used in this Technical Guide and the associ-
ated software is that of Bedford and Ma [3, 4], which is 
based on the solution of a set of integral equations de-
scribing the radiation exchange between each surface in-
side the cavity. The method uses the zonal approximation 
of heat transfer, where each surface is divided into a large 
number of small regions within which the local effective 
emissivity is assumed to be constant. This allows the in-
tegrals to be replaced by sums, leading to a simple but 
accurate numerical solution of a set of simultaneous ana-
lytical equations. 

The details of these calculations are given in Appen-
dix A. 

Calculating the Integrated Emissivity 
The integrated emissivity, bbε , is calculated as the ra-

tio of the flux reaching the apparent aperture stop (and 
hence the detector) of the radiation thermometer from the 
cavity surface to the flux that would reach the apparent 
aperture stop from an identical cavity with an intrinsic sur-
face emissivity of 1. This equates to a weighted average 
of the local effective emissivities within the field of view of 
the radiation thermometer, where the weights depend on 
geometry of the cavity, the distance from the cavity sur-
face to the apparent aperture stop, and whether each part 
of the field of view is within the umbral or the penumbral 
region. 

The details of these calculations are given in Appen-
dix B. 
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Approximate Emissivity Formulae 
In some instances, the high accuracy obtainable using 

the calculations described above, which are implemented 
in the accompanying software, is not required, and a sim-
ple ‘ball-park’ estimate may suffice. 

 
Cylindrical Cavity 

If it can be assumed that the cavity is reasonably iso-
thermal, and if the intrinsic emissivity of all the internal 
surfaces is the same, with a value of sε , then for a cylin-
drical cavity with a flat or conical base, the integrated 
emissivity is approximately given by [5] 
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where 

aperR  is the radius of the aperture at the front of the 
cavity, and L is the total length of the cavity. This approx-
imation breaks down when the ratio of 

aperR  to L is large, 
or when the emissivity, sε , is low.

Spherical Cavity 

For an isothermal spherical cavity of diameter D, with 
a circular aperture of radius 

aperR , the local effective emis-
sivity is independent of position on the cavity wall, and 
thus the integrated emissivity is equal to the local effective 
emissivity at any point. This is given by [6] 
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When 

aperR  is small compared to D, and when sε  is rel-
atively high (close to 1), the integrated emissivity for a 
spherical cavity is identical to equation (4), but with L re-
placed by D: 
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The Blackbody Emissivity Software 
The Blackbody Emissivity software is designed to cal-

culate the local effective emissivities of cylindro-conical 
cavities (possibly including a lid containing an aperture), 
and the integrated emissivity for a radiation thermometer 
viewing the cavity. The software interface provides graph-
ical information as well as numerical values. Files may be 
saved using the extension .ebb. 

The graphical interface is shown in Figure 2. The 
screen is split into four panels, whose widths and heights 
can be changed by dragging the intersecting borders. On 
the left is a panel called Emissivity Data, which is a 
numerical spreadsheet containing the results of the local 
effective emissivity calculations. In the centre is a panel 
called Emissivity Graph, which contains a graph of 
the data in the Emissivity Data panel. The panel on 
the right, called Parameters, gives a summary of the 
cavity parameters and the results of the integrated emis-
sivity calculation. Finally, the lower panel, called Cavity 
Schematic, displays a drawing of the cavity and a rep-
resentation of the radiation thermometer viewing the cav-
ity, including rays defining the field of view. The two parts 
of this schematic are draw once valid cavity and thermom-
eter parameters have been entered. Note that all surfaces 
within the cavity are assumed to be isotropically diffuse 
(i.e., their emittance and reflectance properties are inde-
pendent of angle). The schematic can be chosen to be 
drawn so that the shade of grey of each surface is propor-
tional to the intrinsic emissivity of that surface (ε = 0 = 
white, ε = 1 = black), through the Cavity|Use Emis-

sivity Shading menu. 
 

Entering the Cavity Geometry 

The geometry of the cavity can be entered either by 
choosing the Cavity|Calculate Effective Emis-
sivity (Eeff) menu or by clicking on the Eeff button 
on the tool bar. This brings up the dialog box shown in 
Figure 3. There are three general geometries that the 

software can handle, as shown in Figure 4, all of which 
may or may not contain a lid with an aperture. These are: 
(a) a cylinder; (b) a cone; and (c) a cylinder with a conical 
base. For the case in Figure 4(a), a hole may be designed 
into the base for the purpose of calculating the reflectance 
of a sample placed over the hole. All geometries are as-
sumed to be axially symmetric. As valid combinations of 
the cavity geometry are entered, a schematic of the cavity 
is drawn, or updated, in the Cavity Schematic panel. 

The check boxes in the Cavity Geometry group 
box are used to select the type of geometry. These selec-
tions are not all independent and the software prevents 
invalid combinations from being selected. These selec-
tions also determine which additional information needs 
to be entered. Selecting the No wall check box specifies 
the conical geometry shown in Figure 4(b). 

Cavity Dimensions group box: here the cavity 
Length and cavity Diameter are specified. The cavity 
length, Lcav, refers to the length of just the cylindrical sec-
tion of the cavity (not including the conical section). The 
cavity diameter, Dcav, is either the diameter of the cylindri-
cal section, or the diameter of the mouth of the cone when 
there is no cylindrical section (i.e., when the No wall 
check box is selected). 

Hole or Cone group box: the information entered 
here depends of whether a conical section has been in-
cluded in the geometry and whether a hole has been in-
cluded in the cylindrical base. For a conical section, either 
the cone Length or the cone angle must be entered, 
and the quantity not entered is automatically calculated 
once a valid cavity diameter has been entered. The cone 
length, Lcone, is the length of the cone along its central axis 
(not the sloping length), and the cone angle, θ, is the full 
angle of the apex. The cone Emissivity is the intrinsic 
emissivity of the inner surface of the cone. For a cavity 
without a conical section but with a hole in the base, the 
hole Diameter and Sample reflectance must be en-
tered. The sample reflectance is the reflectance of the 
sample placed over the hole. 

 

Figure 2. Graphical interface for the Blackbody Emissivity software, showing the Emissivity Data, Emissivity Graph, Param-

eters, and Cavity Schematic panels.
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Figure 3. Dialog box for entering the cavity geometry. 
 

 

 

Figure 4. The three geometries handled by the software. Each 
may be designed with or without the lid containing the aperture. 

Front Aperture group box: when a lid with an aperture 

is included in the geometry (i.e., when the Front aper-

ture check box is selected), the Diameter of the aper-

ture, Daper, and the intrinsic Emissivity of the lid’s inner 

surface must be specified. 
Cavity Emissivity group box: here the emissivi-

ties of the Wall and Base are entered. The wall emissiv-
ity is the intrinsic emissivity of the wall of the cylindrical 
part of the cavity, and the base emissivity is the intrinsic 
emissivity of the flat base of the cylindrical cavity when a 
cone has not been included in the geometry. 

 
Entering the Cavity Temperature Distribution 

The same dialog box allows the cavity to be specified 
as either Isothermal or Non-isothermal in the Tem-
perature Distribution group box. For non-isother-
mal cavities, a temperature distribution must be entered 
by clicking on the Temperature Profile button. Click-
ing this button brings up the dialog box shown in Figure 5. 
The Temperature Profile group box allows one of 
three different temperature profiles to be chosen: (i) Lin-
ear; (ii) Constant/Linear; or (iii) Parabolic. 

For the linear profile, two parameters are required in 
the Linear Parameters group box: T at centre of 
base and T at front of cavity. The temperature 
at the centre of the base refers to either the temperature 
at the centre of a flat base for a cylindrical cavity, or the 
temperature at the apex of the cone for cavities including 
a conical section. The temperature at the front of the cav-
ity is the temperature of the wall at the cavity mouth. Tem-
peratures in between are linearly interpolated in the direc-
tion of the cavity axis. 

For the constant/linear profile, the same two parame-
ters as for the linear profile are required to be entered in 
the Constant/Linear Parameters group box, and, 
additionally, a third parameter Constant from centre 
of base to x = must also be entered. This third pa-
rameters specifies the distance from the base, or apex of 
the cone, up to which the temperature is constant, after 
which it changes linearly along the cavity-axis direction to 
the temperature specified at the front of the cavity. 

 

 

Figure 5. Dialog box for entering the temperature distribution 

along the axis of the cavity, with a parabolic profile selected. 

Lcav

Dcav Daper

Lcone

Daper

Lcav

Dcav Daper

Lcone

(a) Cylinder

(b) Cone

(c) Cylinder with conical base (cylindro-cone)
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For the parabolic profile, three parameters are re-
quired in the Parabolic Parameters group box. 
These are the parameters a, b, and c of the quadratic 
equation T = a + bx + cx2, where x = 0 corresponds to the 
base of the cavity or apex of the cone, and x increases 
towards the front of the cavity where cone cavx L L= + . 

When the cavity includes a lid with an aperture, the 
temperature of the aperture plate can be specified to be 
with the Same as T at front of cavity or some 
other specified temperature, in the Temperature of 

Aperture Plate group box. 
 
Determining the Radiative Properties 

When the temperature distribution is non-isothermal, 
the local effective emissivities along the cavity surfaces 
will depend on the relative spectral responsivity of the ra-
diation thermometer viewing the cavity. The relative spec-
tral responsivity must be specified in the Radiative 
Properties group box in the Cavity Parameters di-
alog box shown in Figure 3 (the selected temperature pro-
file is also displayed here). The relative spectral respon-
sivity is characterised in terms of its Sakuma–Hattori co-
efficients, where the signal for a finite-bandwidth radiation 
thermometer is approximated by the Sakuma–Hattori 
equation, 
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where the coefficients A and B are related to the mean 
wavelength, λ0, and standard deviation, σ, of the spectral 
responsivity, such that [7] 
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where the relative bandwidth, r, is given by 
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The software requires values of λ0 and r to be entered. 
These can be determined from A and B as 
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Example 1: in the monochromatic approximation B = 0, so 
in this case λ0 = A (= operating wavelength) and r = 0. 
 
Example 2: for a broadband spectral responsivity, whose 
shape can be approximated as rectangular (often speci-
fied by a wavelength range), 
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where λ0 is the centre wavelength of the range and ∆λ is 
the width of the wavelength range. Substituting equa-
tion (14) into equation (12) gives 
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Thus, for an IR thermometer operating over the 8–14 µm 
range, where λ0 = 11 µm and ∆λ = 6 µm, equation (15) 
gives r = 0.157. 
 
Entering the Calculation Parameters 

The Calculation Parameters group box in Fig-
ure 3 requires two values to be entered: the Number of 
divisions that each surface (the cylinder wall, half the 
cylinder base, the cone wall, and half the aperture plate) 
is divided into when performing the calculations for the lo-
cal effective emissivity, and the Accuracy for the calcu-
lations. The software will continue iterating until the larg-
est change in all the local effective emissivity values, from 
one iteration to the next, is less than the accuracy value. 
The Number of divisions and Accuracy are stored 
as default values and any changes become new default 
values. 
 
Calculating the Local Effective Emissivity 

Once the cavity parameters have been entered, click-
ing the OK button in the Cavity Parameters dialog box 
in Figure 3 causes the calculations to begin. Progress 
through the iterations is displayed in the status bar at the 
bottom of the main window. Once started, the calculations 
can be aborted if necessary by clicking on the Stop but-
ton that appears on the right-hand side of the status bar. 
Upon completion of the calculations (or if the calculations 
are aborted), the Emissivity Data, Emissivity 
Graph, and Parameters panels are filled appropriately.  

 
Local Effective Emissivity Graph 

The graph plotted in the Emissivity Graph panel 
is a plot of the local effective emissivity along one surface 
of the cavity. Each individual surface can be selected from 
the Graph menu. The currently plotted surface is display 
at the top of the panel. The x-axis for each surface ranges 
from 0 to 1 and represents a relative distance. For the 
conical section, x = 0 corresponds to the apex of the cone 
and x = 1 to the top or bottom of the cone (the local effec-
tive emissivity along the cavity surfaces is symmetrical 
with respect to the cavity axis). For a cavity with a flat 
base, x = 0 corresponds to the centre of the base and 
x = 1 to the intersection of the base with the cylindrical 
wall. For the cylindrical wall section, x = 0 corresponds to 
the left-hand end of the wall and x = 1 to the right-hand 
end. Finally, for a cavity with a lid containing an aperture, 
x = 0 corresponds to the point on the lid adjacent to the 
top or bottom of the aperture and x = 1 to the intersection 
of the lid with the cylindrical wall or mouth of the cone. 
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These designations can be viewed in the software by 
holding the mouse over the heading above the graph. 

The axes on the graph can be scaled via the 
Graph|x-Axis and Graph|y-Axis menu (see Fig-
ure 6), and the style and colour of the plotted line can be 
changed via the Graph|Line Style menu (see Fig-
ure 7). Additionally, the graph can be copied to the clip-
board or printed. Graph styles can be saved to disk or 
saved as the default style through the Graph menu. 

 

 

Figure 6. The dialog box used for scaling the graph axes. 
 

 

Figure 7. The dialog box used for setting the graph’s line style. 
 
Local Effective Emissivity Data 

The data corresponding to the graph plotted in the 
Emissivity Graph panel is displayed in the Emissiv-
ity Data panel. This data can be copied and pasted into 

other applications for further analysis. The data in each 
column can be formatted as either General, Decimal, 
or Scientific format through the Edit|Format Col-
umn menu (see Figure 8). The column with text selected 
is the one that is formatted, or if both columns have text 
selected, both columns will be formatted the same way. 
Individual column formats can be saved as default values, 
or the default values can be loaded, using the buttons on 
the lower left of the dialog box shown in Figure 8. 

 

 

Figure 8. The dialog box used for setting the format of the col-

umns in the Emissivity Data panel. 
 
Calculating the Integrated Emissivity 

The integrated emissivity is a weighted average of the 
local effective emissivities along the part of the cavity 
within the field of view of a radiation thermometer, and 
comprises umbral (fully detected) and penumbral (par-
tially-vignetted) regions. The integrated emissivity is the 
cavity emissivity, bbε , seen by the thermometer. In order 
to calculate bbε , several parameters of the thermometer 
must be entered by selecting the Cavity|Calculate 
Integrated Emissivity (Ebb) menu or by clicking 
on the Ebb button on the tool bar. This brings up the dia-
log box shown in Figure 9. 

 

 

Figure 9. The dialog box used for entering the thermometer pa-

rameters for calculating the integrated emissivity. 
 

 

Figure 10. The four thermometer parameters required to calculate the integrated emissivity. 
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The required parameters are illustrated in Figure 10. 
The Diameter of aperture stop is the diameter of 
the thermometer’s aperture stop inside its optical system. 
If this is unknown, then it may be approximated by the 
diameter of the thermometer’s lens. The Diameter of 
measurement spot is the diameter of the field of view 
at the focal point of the optical system (the ‘spot size’). 
The Working distance is the distance from the aper-
ture stop to the focal point (approximately the distance 
from the front of the lens to the focal point). Finally, the 
Distance from thermometer to front of cav-

ity is the measurement distance from the cavity. 
Once valid values of all these parameters have been 

entered (and provided valid cavity parameters have also 
been entered), a sketch of the radiation thermometer with 
the limiting rays for the umbral and penumbral regions of 
the field of view is drawn in the Cavity Schematic 
panel. This gives a visual representation of the part of the 
cavity viewed by the thermometer. If the limiting rays do 
not all pass through the cavity aperture, then a Warning 
Vignetting message is displayed in the Cavity 
Schematic panel heading. In this case the integrated 
emissivity cannot be calculated. The cavity schematic can 
be copied to the clipboard or printed through the Cavity 
menu, or by right-clicking in the Cavity Schematic 
panel to bring up a pop-up menu. 

When valid thermometer parameters have been en-
tered, clicking on the OK button causes the integrated 
emissivity to be calculated. The result is given in the Pa-
rameters panel, along with all the parameters entered 
for the cavity and the thermometer. Data in the Parame-
ters panel can be copied to the clipboard by right-click-
ing the mouse to bring up a pop-up menu. Note that 
Ctrl+C only copies data from the Emissivity Data 
spreadsheet. 
 

Examples of Thermometer Parameters 

The thermometer parameters shown in the dialog box 
in Figure 9, and the schematic shown in Figure 10, corre-
spond to a Heitronics TRT-II reference radiation thermom-
eter. This thermometer is a fixed-focus device and has a 
minimum spot size (diameter) of 7.2 mm at a distance of 
382 mm from the front of its lens. While the size of the 
aperture stop is not given in the specifications, it is rea-
sonable to assume that it is roughly equal to the diameter 
of the lens, which is 40 mm. In the example given, the 
thermometer is focused part-way down the length of the 
cavity. Setting the measurement distance to 382 mm in-
stead of 300 mm would focus the thermometer on the ap-
erture of the cavity, resulting in a larger field of view on 
the conical part of the cavity, while setting the distance to 
147.4 mm ( cav cone working distance L L= − − ) would focus 
the thermometer on the apex of the cone, resulting in the 
smallest possible field of view on the cone. 

A second example is shown in Figure 11, for a Raytek 
8–14 µm general-purpose radiation thermometer, with a 
specified distance-to-spot-size ratio (D:S) of 12:1. Further 
investigation of the specifications reveals that this D:S ra-
tio strictly holds only at a measurement distance of 
900 mm, where the spot size diameter is  75 mm. The  di-
ameter of the lens was measured to be 19.5 mm. Thus, 
Figure 11 results from setting the Diameter of aper-
ture stop to 19.5 mm, the Diameter of measure-
ment spot to 75 mm, and the Working distance to 
700 mm. 

For focusable systems, the working distance and spot 
size will change as the focus is adjusted, but the aperture 
stop diameter will remain the same. The specifications of 
such systems ideally should specify how the minimum 
spot size changes with focal distance, and the appropriate 
values can be entered into the software for a given focus 
setting.

 

 

Figure 11. Field of view of a Raytek 8–14 µm general-purpose radiation thermometer. 
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Appendix A: Calculation of the Local 
Effective Emissivity 

 The local effective emissivity along each surface of 
the cavity is determined using the methods of Bedford and 
Ma [3, 4]. (Note that there are a few typographical errors 
in the equations in the original Bedford and Ma papers, 
which are corrected here.) For cavities with a cone, dis-
tances along the cone axis are denoted by the coordinate 
x, such that cone0 x L≤ ≤ (refer to Figure 4), otherwise dis-
tances along the base of the cylinder, measured from the 
centre, are denoted by the coordinate r, where 

cav0 r R≤ ≤  and cav cav 2R D= . Distances along the 
length of the cylinder wall are denoted by the coordinate 
y, where cone cone cavL y L L≤ ≤ + , and, finally, distances 
along the inside of the aperture lid (when one exists) are 
denoted by the coordinate z, such that aper cavR z R≤ ≤ , 
where aper aper 2R D= . 

At each point, the local effective emissivity is equal to 
the ratio of the radiant flux leaving that point, including re-
flected flux from other surfaces, to the flux that would 
leave it if it were black. Because of the axial symmetry, 
the calculations can be performed for infinitesimal bands 
around each surface rather than individual points. For ex-
ample, the local effective emissivity of an infinitesimal 
band of width dy  and area 

0ydA  on the cylinder wall, cen-
tred on the coordinate 0y where the temperature is 

0yT , is 
given by 

 

 0
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eff 0 0

b 0

( , , )
( , , , )

( , )
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y
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y T T

L T

λ
ε λ

λ
=  , (A1) 

 
where 

00( , , )yL y Tλ  is the spectral radiance of 
0ydA , 

b 0( , )L Tλ  is the spectral radiance of a blackbody at tem-
perature 0T ,  and λ is the wavelength. For all calculations, 

0T  is taken to be the temperature at the apex of the cone 
or the centre of the base of the cavity, as appropriate. 

Equations similar to equation (A1) can be written for 
infinitesimal bands on the other surfaces within the cavity, 
so that equation (A1) can be written in terms of these 
other local effective emissivities, and in terms of just 
blackbody radiances: 
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where 

00( , , )yy Tε λ  is the intrinsic emissivity of the surface 
of the cylinder wall at position 0y , wavelength λ, and tem-
perature 

0yT . The software assumes this to be constant 
for all positions along the cylinder wall, for all wave-
lengths, and for all temperatures, so that 

00 cav( , , )yy Tε λ ε=
. The quantity 

0

2

,y xd F  is the angle factor for radiant ex-
change between 

0ydA  on the cylinder and xdA  on the 
cone [8]. Similar definitions hold for the other 2d F  quan-

tities. Terms on the right-hand side of equation (A2) cor-
responding to non-existent surfaces (depending on the 
chosen geometry) are left out of the equation. 

Similar equations hold for the local effective emissivi-
ties of infinitesimal bands on the other surfaces, resulting 
in a set of simultaneous integral equations to be solved 
for the entire interior surface of the cavity. The method of 
solution is to divide each of the integrals into a number, n, 
of equal parts, where, for large enough n, it can be rea-
sonably assumed that the local effective emissivity within 
each interval is constant. Each integral then becomes a 
sum of n sub-integrals that can be evaluated analytically 
by suitable single differentiation of the angle factor be-
tween two parallel circular disks with a common central 
normal. Thus, the 2d F  quantities can be replaced with dF 
quantities (angle factors between an infinitesimal area 
and a finite disk) [8]. Finally, to take account of the finite 
bandwidth of the radiation thermometer viewing the cav-
ity, the ratio of spectral radiances in equation (A2) is re-
placed by the ratio of thermometer signals given by the 
Sakuma–Hattori equation (equation (7)): 

 

 0 0b

b 0 0

( , ) ( )

( , ) ( )

y yL T S T

L T S T

λ
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⇒ . (A3) 

 
If the cavity is isothermal, then this ratio is unity and the 
local effective emissivity is independent of wavelength. 
 
Solution for Cavities with a Flat Base 

When the cavity has the form shown in Figure 4(a), 
the simplifications discussed above result in three simul-
taneous analytical equations to be solved. Note that the 
cylinder wall can see other parts of the cylinder wall as 
well as the base and the lid. However, the base and the 
lid cannot see other parts of themselves. Thus, the three 
equations are: 
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where the local effective emissivity within each interval is 
taken to be the mean of the values calculated at the 
boundaries of the interval, and 1 0y = , 1 cavny L+ = , 

1 aperz R= , 1 cavnz R+ = , 1 0r = , and 1 cavnr R+ = . The equa-
tions are solved iteratively by initially setting each of the 

 

effε  values to the intrinsic emissivity of the corresponding 
surface and calculating new effε  values, then repeating 
these calculations until the maximum change of all the in-
dividual effε  values is smaller than a predetermined toler-
ance. The dF angle factors are calculated as follows: 
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Singularities occur in the above equations at locations 

corresponding to the intersection of the cylinder wall with 
either the base or the aperture plate. That is, when 0 0y =  
and cavpr R= , when 0 cavy L=  and cavkz R= , when 0jy =  
and 0 cavr R= , and when cavjy L=  and 0 cavz R= . In all of 
these cases, it can be shown using L’Hôpital’s rule that 
the limiting value for each of the appropriate dF quantities 
is equal to 0.5. These singularities are avoided by replac-
ing the last term in the second sum of equation (A4) by 

eff 10.5 ( )nzε +  when 0 0y = , and the last term in the third 
sum of equation (A4) by eff 10.5 ( )nrε +  when 0 cavy L= . Ad-
ditionally, when 0 cavz R= , the last in term in the first sum 
of equation (A5) should be replaced by 

 

 [ ]
caveff 1 eff 1 eff ,0.5 ( ) 0.5 ( ) ( ) 0.5

nn n n R yy y y Fε ε ε+ +  + + −  , 

 
and when 0 cavr R= , the first term in the first sum of equa-
tion (A6) should be replaced by 
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Solution for Cavities with a Conical Base 

When the cavity has the form of either Figure 4(b) or 
4(c), the equations to be solved for the local effective 
emissivity of the cone wall, the cylinder wall, and the ap-
erture plate are: 
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where 1 0x = , 1 conenx L+ = , 1 coney L= , 1 cone cavny L L+ = + , 

1 aperz R= , and 1 cavnz R+ = . The dF angle factors are cal-
culated as follows, where the angle α is the half-angle of 
the cone; i.e., 2α θ= : 
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A singular occurs in equations (A17) to (A20) when 

0 0x = ; that is, at the apex of the cone. Using L’Hôpital’s

 
rule, the correct expression for the local effective emis-
sivity at the apex can be shown to be
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Other singularities occur at the intersection of the con-
ical section of the cavity with the cylindrical section (or the 
aperture lid, if there is no cylindrical section), and at the 
intersection of the cylindrical section and the aperture lid. 
These singularities are resolved as follows. 

When there is no cylindrical section, and when 

0 conex L= , the last term in the third sum of equation (A14) 
should be replaced by 
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When there is a cylindrical section, and 0 conex L= , the 
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When 0 coney L=  the last term in the first sum of equa-
tion (A15) should be replaced by 
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When 0 cone cavy L L= + , the last term in the third sum of 
equation (A15) should be replaced by eff 10.5 ( )nzε + , and 
when 0 cavz R= , the last term in the second sum of equa-
tion (A16) should be replaced by 
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Appendix B: Calculation of the Inte-
grated Emissivity  

The integrated emissivity is essentially a weighted in-
tegral of the local effective emissivity of the cavity surface 
within the field of view of the radiation thermometer, 
where the weights depend on both the optical parameters 
of the thermometer and the cavity geometry, and on 
whether a point on the cavity surface is within the umbral 
or penumbral region (see Figure 1). The integrated emis-
sivity is calculated in the software using the set of equa-
tions given by Chen et al. [9], modified to include the op-
tical system of the radiation thermometer. These equa-
tions are described below. 

The general equation for the integrated emissivity is 
given by the ratio of the flux reaching the apparent aper-
ture stop (and hence the detector) from the cavity surface 
to the flux that would reach the apparent aperture stop 
from an identical cavity with an intrinsic surface emissivity 
of 1: 

 

 

eff

2

Cavity Stop

bb

2

Cavity Stop

( )cos cos

cos cos

S

S

dSdA
d

dSdA
d

ξ
ξ

ξ
ξ

ε ξ ψ ψ
π

ε ψ ψ
π

=
∫ ∫

∫ ∫
, (B1) 

 
where ξ represents the coordinate x, y, z, or r as appro-
priate, dAξ  is an element of area on the cavity surface at 
position ξ, dS is an element of area on the apparent ap-
erture stop, d is the distance between these two elements 
of area, ξψ  is the angle between the normal to dAξ  and 

 

the distance vector drawn between dAξ  and dS, and Sψ  
is the angle between the normal to dS and the same dis-
tance vector (see Figure 12). 

The integrals in numerator and denominator of equa-
tion (B1) can both be separated into the sum of integrals 
over the umbral and penumbral regions. In the umbral re-
gion, integration over dS extends over the entire area of 
the apparent aperture stop. However, in the penumbral 
region, the integration extends only over the shaded re-
gion in Figure 12, which corresponds to those rays that 
have passed through the measurement spot and intersect 
the apparent aperture stop. Because the cavity geome-
tries included in the software are all axially symmetric, the 
two-dimensional integrals over dAξ  can be reduced to 
one-dimensional integrals over ξ.  

To calculate the integrals in equation (B1), there are 
six different regions that need to be considered: the um-
bral and penumbral regions on the cone (where xξ = ), 
the umbral and penumbral regions on the flat base (where 

rξ = ), and the umbral and penumbral regions on the cyl-
inder wall (where )yξ = . The inside of the aperture plate 
is never visible to the thermometer, so this surface does 
not need to be considered. The limits of the integrals over 
the appropriate ξ coordinate are determined by the loca-
tions of the umbral and penumbral regions. For the two-
dimensional integral over the apparent aperture stop, it is 
convenient to use cylindrical coordinates ϕ and ρ, where 
the origin for these coordinates is at the top of the stop. 

 
Umbral Region on the Cone 

The contribution to the integral in the numerator of 
equation (B1) from the flux intersecting the apparent ap-
erture stop from the umbral region on the cone is: 

 
 

 
1 2

1

2

0 eff cone cav meas 3

0 0 0

tan
4 ( )cos ( )

cos

x

x x

x
I x L L L x d d dx

d

ρπ αε ψ ρ ρ ϕ
α− = + + −∫ ∫ ∫ , (B2) 

 
where  
 

 
cav meas cav stop

( )sin ( cos )cos
cos x

L L R R

d

α ρ ϕ α
ψ

+ + − +
= , (B3) 

 

 { }1 2
2

2 2

stop cone cav meascos tan ( sin ) ( )d R x L L L xρ ϕ α ρ ϕ = − + + + + + −  , (B4) 

 
 

 

Figure 12. Geometry for the calculation of the integrated emissivity. For points within the penumbral region, only some of the rays 

passing through the measurement spot at the focal plane (solid lines) intersect with the apparent aperture stop (the shaded area).
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measL  is the measurement distance (i.e., the distance 
from the front of the cavity to the apparent aperture 
stop), and stopR  is the radius of the apparent aperture 
stop. The value of 1x , the limit of the umbral region, can 
be determined by tracing the rays shown in Figure 1. 
The upper limit on the ρ integral is 2 stop2 cosRρ ϕ= .  
 

Penumbral Region on the Cone 
For the penumbral region, not all of the flux passing 

through the measurement spot intersects the apparent 
aperture stop. Thus, the contribution to the integral in 
the numerator of equation (B1) is similar to equation 
(B2), but with different limits on the x, ϕ and ρ integrals: 

 

 
2 2 2

1 2

1 1

eff cone cav meas 3

0

tan
4 ( )cos ( )

cos

x

x x x

x

x
I x L L L x d d dx

d

ϕ ρ

ρ

αε ψ ρ ρ ϕ
α− = + + −∫ ∫ ∫ . (B5) 

 
The equations for cos xψ  and d are again given by equa-
tions (B3) and (B4), respectively. The values of 1x  and 

2x , the limits of the umbral and penumbral regions, can 
be found by tracing the rays shown in Figure 1. The upper 
limit of the ϕ integral is given by 
 

 

2 2

stop 0 01

2

stop 0

( )
cos

4

R C R

R C
ϕ − + −

= , (B6) 

 
where  
 

 
cav spot stop

0

cone spot

( )

( )

xR x x
C

L x x

−
=

−
  (B7) 

 
and 
 

 
spot stop

0

spot

( )

( )

R x x
R

x x

−
=

−
. (B8) 

 
Here spotx  is the x-coordinate, measured from the apex of 
the cone, of the location of the measurement spot (focal 
point), stopx  is the x-coordinate of the location of the ap-
parent aperture stop (equal to cone cav measL L L+ + ), and 
 
 

 

 

spotR  is the radius of the measurement spot at the focal 
point. 

The limits of the ρ integral are 
 

 
1 2

2 2 2

1 stop 0 0 stop 0( )cos ( ) sinR C R R Cρ ϕ ϕ = + − − +   (B9) 

 
and 
 
 2 stop2 cosRρ ϕ= . (B10) 
 

If the umbral and penumbral regions fall entirely on the 
cone, then the integrated emissivity is given by 

 

 1 1 2

1 1 2

0

bb b b

0

x x x

x x x

I I

I I
ε − −

− −

+
=

+
, (B11) 

 
where 

1

b

0 xI −  and 
1 2

b

x xI − are given by equations (B2) and 
(B5), respectively, but with eff ( ) 1xε =  for all values of x. 
When the umbral or penumbral regions are not entirely on 
the cone, additional sums to the integrals need to be in-
cluded from parts of the cylinder wall (see below). 

 
Umbral Region on the Flat Base 

The contribution to the integral in the numerator of 
equation (B1) from the flux intersecting the apparent ap-
erture stop from the umbral region on the flat base is: 

 

 
1 2

1

2

2

0 cav meas eff 4

0 0 0

4( ) ( )

r

r

r
I L L r d d dr

d

ρπ

ε ρ ρ ϕ− = + ∫ ∫ ∫ , (B12) 

 
where  
 

 
1 2

2 2 2

stop cav meas( cos ) ( sin ) ( )d r R L Lρ ϕ ρ ϕ = + − + + +  , (B13) 

 
and the upper limit on the ρ integral is again

2 stop2 cosRρ ϕ= . The value of 1r , the limit of the umbral 
region, can be determined by tracing the rays shown in 
Figure 1. 
 

Penumbral Region on the Flat Base 
For the penumbral region, the contribution to the in-

tegral in the numerator of equation (B1) is similar to 
equation (B12), but with different limits on the r, ϕ and ρ 
integrals: 

 

 
2 2 2

1 2

1 1

2

cav meas eff 4

0

4( ) ( )

r

r r

r

r
I L L r d d dr

d

ϕ ρ

ρ

ε ρ ρ ϕ− = + ∫ ∫ ∫ . (B14) 

 
 
The equation for d is again given by equation (B13). The 
values of 1r  and 2r , the limits of the umbral and penum-
bral regions, can be found by tracing the rays shown in 
Figure 1. The upper limit of the ϕ integral is given by equa-
tion (B6), but in this case 

 

  

 
spot stop

0

spot

( )r x x
C

x

−
=   (B15) 
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and 

 
spot stop

0

spot

R x
R

x
= . (B16) 

 
The coordinates spotx  and stopx  are this time measured 
from the base of the cavity. 

If the umbral and penumbral regions fall entirely on the 
flat base, then the integrated emissivity is given by 

 

 1 1 2

1 1 2

0

bb b b

0

r r r

r r r

I I

I I
ε − −

− −

+
=

+
, (B17) 

where 
1

b

0 rI −  and 
1 2

b

r rI − are given by equations (B12) and 
(B14), respectively, but with eff ( ) 1rε =  for all values of r. 
When the umbral or penumbral regions are not entirely on 
the flat base, additional sums to the integrals need to be 
included from parts of the cylinder wall (see below). 

 
Umbral Region on the Cylinder Wall 

The contribution to the integral in the numerator of 
equation (B1) from the flux intersecting the apparent ap-
erture stop from the umbral region on the cylinder wall is: 
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where  
 

 
cav stop
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cos y
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− +
=  , (B19) 
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2 2 2

cav stop cone cav meas( cos ) ( sin ) ( )d R R L L L yρ ϕ ρ ϕ = + − + + + + −  , (B20) 

 
and the upper limit on the ρ integral is again

2 stop2 cosRρ ϕ= . The value of 1y , the limit of the um-
bral region, can be determined by tracing the rays 
shown in Figure 1. 
 

Penumbral Region on the Cylinder Wall 
For the penumbral region, the contribution to the in-

tegral in the numerator of equation (B1) is similar to 
equation (B18), but with different limits on the y, ϕ and ρ 
integrals: 
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The equations for cos yψ  and d are given by equations 
(B19) and (B20), respectively. The values of 1y  and 2y , 
the limits of the umbral and penumbral regions, can be 
found by tracing the rays shown in Figure 1. The upper 
limit of the ϕ integral is given by equation (B6), but in this 
case 
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R x x
C

x y

−
=

−
  (B22) 

 
and 
 

 
spot stop

0

spot

( )

( )

R x y
R

x y

−
=

−
. (B23) 

 
The coordinates spotx  and stopx are this time measured 
from the apex of the cone (if there is a cone) or otherwise 
from the centre of the flat base of the cavity. 

The integrated emissivity will necessarily include con-
tributions from either the cone or the flat base. For exam-
ple, if there is a cone and the umbral region spills over to 
the cylinder wall, then the integrated emissivity is equal to 

 

 cone cone 1 1 2

cone cone 1 1 2

0

bb b b b

0

L L y y y

L L y y y

I I I

I I I
ε − − −

− − −

+ +
=
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, (B24) 

 

where 
cone 1

b

L yI −  and 
1 2

b

y yI − are given by equations (B18) and 
(B21), respectively, but with eff ( ) 1yε =  for all values of y. 
 
Gauss–Legendre Integration  

Each of the three-dimensional integrals given by 
equations (B2), (B5), (B12), (B14), B(18), and B(21), and 
their corresponding black versions, must be evaluated nu-
merically, which can be very time consuming if the inte-
grals are divided into a large number, N, of steps (each 
integral requires N3 integrand evaluations). In order to re-
duce the calculation time, the software employs Gauss–
Legendre integration [10], which is based on the method 
of Gaussian quadratures. 

In one dimension, Gauss–Legendre integration is im-
plemented as 

 

 
1

( )
2 2 2

b N

i i

ia

b a b a a b
f x dx w f x

=

− − + = + 
 

∑∫ , (B25) 

 
where the ix  values are fixed numbers between –1 and 
+1, and the iw  values are corresponding fixed weights. 
Remarkably, equation (B25), which consists of N function 
evaluations, is exact when f(x) is a polynomial with order 
up to 2 1N − . Note that the ix  and iw  values apply to any 
f(x) that can be approximated by a polynomial, and only 
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depend on the chosen value of N. Extending equa-
tion (B25) to a three-dimensional integral is straightfor-
ward. 

In the software, a value of 20N =  is chosen for each 
dimension of each integral, and this allows the integrated 
emissivity to be calculated in a few milliseconds to an ac-
curacy of around 1 part in 107. The values of ix  and iw  
for 20N =  are given in Table 1. 

Table 1. Values of x
i

 and w
i
 for Gauss–Legendre integration 

with 20N = . 

i x
i

 w
i

 

1 –0.993128599185095 0.0176140071391521 

2 –0.963971927277914 0.0406014298003869 

3 –0.912234428251326 0.0626720483341091 

4 –0.839116971822219 0.0832767415767047 

5 –0.746331906460151 0.10193011981724 

6 –0.636053680726515 0.118194531961518 

7 –0.510867001950827 0.131688638449177 

8 –0.37370608871542 0.142096109318382 

9 –0.227785851141645 0.149172986472604 

10 –0.0765265211334973 0.152753387130726 

11 0.0765265211334973 0.152753387130726 

12 0.227785851141645 0.149172986472604 

13 0.37370608871542 0.142096109318382 

14 0.510867001950827 0.131688638449177 

15 0.636053680726515 0.118194531961518 

16 0.746331906460151 0.10193011981724 

17 0.839116971822219 0.0832767415767047 

18 0.912234428251326 0.0626720483341091 

19 0.963971927277914 0.0406014298003869 

20 0.993128599185095 0.0176140071391521 
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