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ABSTRACT

This document summarises the uncertainties in eaéisation of the standard platinum resistancentbereter
(SPRT) subranges of ITS-90 between the triple pofnheon (24.5561 K) and the freezing point of esilv
(961.78 °C). The document provides users of ITSvBB guidance for assessing the uncertainty inrtBEIRT
calibrations and temperature measurements. A sacppairpose is to promote harmonisation of thessssent
of calibration and measurement capabilities amddfunder the CIPM’s arrangement for the mutualgaition
of national measurement institutes (CIPM 1999). @beument describes all known sources of unceytaint
influence variables, identifies key referencedhia literature that discuss, model or evaluate effefst, gives an

indication of the typical magnitudes of the uncietias, and gives propagation laws so that totakbuainty may
be determined.
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Uncertainties in the realisation of the SPRT subranges of the ITS-90

1. Introduction and Scope

The primary purpose of this document is to provithers of the International Temperature Scale 0f0199
(ITS-90) with guidance for assessing the uncenaimtcalibrations and temperature measurements @/img
standard platinum resistance thermometers (SPRTsgcondary purpose is to promote harmonisatiothef
assessment of calibration and measurement capehiis defined under the CIPM’s arrangement fomntbeual
recognition of national measurement institutes (IR999). Accordingly, the document provides a brief
description of all known sources of uncertainty arftuience variables, identifies key referencethim literature
that discuss, model or evaluate each effect, givemdication of the magnitudes of the uncertafmtand gives
propagation laws so that total uncertainty may détemnined.

The guide covers all of the known influence effeictsthe most commonly used SPRT subranges
between the triple point of neon (24.5561 K) anel fiteezing point of silver (961.78 °C). Since theliogen
point is required for the calibration of SPRTs floe neon—water subrange, effects associated véthetidisation
of the triple point of equilibrium hydrogen (13.8)K) are included. For the hydrogen—water subramagdéch
extends below 24.5561 K, the SPRT must also bbreddid at two additional points near 17.0 K an® 20with
the actual temperatures determined by either ITg&0thermometer or ITS-90 vapour-pressure therrterme
Discussion of these two additional points is beythscope of this guide. For further informatiefer to ITS-
90 (Preston-Thomas 1990), tBapplementary Information for the ITS90 (BIPM 1990), and to the published
literature describing ITS-90 realisations over thig-range.

Because most of the effects discussed here argutfject of ongoing research, the methods and reodel
described for assessing uncertainty are suggesidet prescribed, and the user of the documefreés to
adopt any approach consistent with current phydtcalwledge and uncertainty practice. In particutagre
information will be found in more recent researitérature.

Although the guide occasionally notes the impddifferent measurement techniques on uncertaitty,
is not a guide on technique or on the realisatibrthe scale and should be read in conjunction \lith
Supplementary Information for the ITS90 and theMise en Pratique for the Realisation of the Kelvin (BIPM
2006). Indeed, familiarity with th&upplementary Information, the Mise, and the principles of the ITS-90 is
assumed.

Numerical values for uncertainties given here fareindicative purposes only. Users of the guide ar
expected to determine values appropriate to thigiipenent and procedures. Additionally, it is naseagtial that
distinct values are determined for each sourcenskmdainty; usually it is sufficient that all terrhsive been
identified and assessed.

In the interests of promoting harmonisation andueing consistency with the 1S@Quide to the
Expression of Uncertainty in Measurement (ISO 1995), we have endeavoured to adhere to diewing
principles:

. Unless otherwise stated all uncertainties are eggaas standard uncertainties.

*  Where uncertainties are estimated with low configenhe reporting of effective degrees of freedtBO(
1995, Section G4) is encouraged so users of thertaty are able, if required, to calculate relis
values for confidence intervals.

e All uncertainty terms are associated with a physiaaise. This ensures that each source of uncgrizas
a mathematical model allowing estimation and pragtiag of uncertainty.

. Corrections are applied where bias (systematicrlefio known, including in most cases where the
correction is less than the uncertainty. This imeddo maximise the information retained in reported
measurement results and to prevent the accumulafigignificant bias. We follow the sign convention
that corrections are always added to the measutemen

*  Where Type A assessments are employed, all ofahesss of the uncertainty should be identified dred
measurements should draw samples from the whotheoflistribution associated with each source. This
practice prevents both ‘double counting’ and unstémeates of uncertainty. This requirement may preel
the use of non-specific uncertainty terms suclepeatability or reproducibility (1ISO 1993).

Appendix A provides a complete tabular summaryhef typical range of uncertainties at each of thedi
points. The figures in Section 9 provide graph@amples of the total propagated uncertainties.
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2. Effects common to all fixed points

This section discusses four effects common to falhe fixed points, namely residual gas pressuyerdstatic
pressure, impurity effects and isotopic effectsdifidnal effects or additional details relating dpecific fixed
points may be found in Sections 3, 4, and 5.

2.1 Residual gas pressure
Fixed-point cells are generally classified as skale‘open’. Sealed cells are sealed at the timmafufacture
so that the internal pressure cannot be measuremrdrolled during use. Open cells may be openht t
atmosphere or subject to control of the gas presand composition. In triple-point cells, the pressof the gas
above the surface of the liquid in the cell is itledue to the vapour pressure of the fixed-pourtstance only.
In melting and freezing points, the pressure altbeesurface of the liquid should be the standamtbaphere,
101 325 Pa. Note that residual gasses in the enjodixed points are usually treated as impurjtes an
additional uncertainty term due to residual gasguee is unnecessary.

Measurements made in cells at a different intepnassurepyeas Should be corrected for the pressure
difference:

dT
AT, = -d—p( Preas™ Po) (2.1)

wherep, is the ideal/nominal pressure aditidp is the pressure coefficient defined by ITS-90 esl are given
in Appendix B). For melting and freezing pointsopen cells without any pressure control or measargnihe
pressure is determined by the weather and altinidbe location of the measurement. This leadsréssure
variations (standard uncertainty) with weather,rgweriods of days, of about 2 kPa (2% atm.), aresgure
differences with altitude of 20 kPa or more, legdio corrections of 1.5 mK or more.

The uncertainty in the pressure correction is mive

u?(AT,) = (3%] U?( Preas) + u{z—Tp]( P e P ) (2.2)

whereu(pmead IS the uncertainty in the pressure inside thé aed u(dT/dp) is the uncertainty in the pressure
coefficient. If the cell is subject to pressure ttohor measurement, the uncertainty in the pressoay be
10 Pa, or lower.

The uncertainty in the pressure coefficient iscpically negligible, and ranges from about 0.2% ttoe
triple point of water to a few percent for the atlixed points (McAllan 1982). In open cells, theepsure
coefficient is easily confirmed by changing the gasssure. The current values used for the fixedtpare also
consistent with values calculated from the Clausiiapeyron equation:

d_ = M , (23)
dp AH,
whereAH; is the molar heat of fusiofiy, is the fixed-point temperature, an¥ is the molar volume change.
With sealed metal fixed-point cells, the interpell pressure is not measurable, and the operabst m
rely on the manufacturer of the cell having sedlhedcell at the correct pressure. With the usuatgaures, and
in the absence of leaks, the pressure in the ¢edhvat the fixed-point temperature is approximately

' During the manufacture of sealed cells, the fitkedcible is placed in a glass or fused silica dotawith a long capillary, which is also
attached to the gas filling system. The capillarfiist sealed at the gas supply end when theixalt the fixed-point temperature. Later
when the cell is cold, the capillary is removedregealing the cell close to the crucible. At ttmetithe cell is filled with gas at the fixed-
point temperature, the gas in that part of theaioet around the fixed point is describedpdy, = n,RT;,, Whereng, is the number of moles
of gas in the space in the fixed-point cell, ofurak Vi,. The gas in the capillary obeys a similar relagfdp pV. = n.RT., where the
subscript, c, refers to the capillary. When theiltzay is later removed, the large fractiovky/(Vc+Vy), of the total quantity of the gas is
retained in the cell, and this leads to a the teguén. According to the result, the smaller thpitary volume and the closer the capillary
temperature to the fixed-point temperature whest feealed, the smaller the error in the cell prmesstihe capillary temperature is,
unfortunately, not single valued but may range lketwroom temperature, 300 K, and 1900 K (the neefiwint of silica), depending on the
details of the manufacturing process. The averggayill be somewhere in between. The capillary vaduisinormally as small as practical,
perhaps less than 2% of the total.
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b5
V, +pr T,

whereVy, is the volume of gas in the cell; is the volume of gas in the capillary used toftfik cell with gas
during the manufacture of the cell, ahdis the average temperature of the gas in thelaapivhen it is sealed.
A capillary volume of 1% oW, and an average temperatufg, range in of 300 K to perhaps near the fixed-
point temperature, suggests uncertainties in pressuhe range from 1% to 5% (1 kPa to 5 kPa).

2.2 Hydrostatic pressure

The practical realisation of the fixed points, wahthermometer well surrounded by at least oneal4digjuid
interface, results in a vertical pressure gradeonhg the length of the thermometer well with thessure
determined by the depth of liquid above the sensiegnent of the thermometer. The measured temperatu
must be corrected for the hydrostatic pressuremiffce between the surface of the liquid, wherditled-point
temperature is defined, and the thermal centrbeténsing element of the SPRT. The correction is

dT

ATy = _E(hnq - hSPRT) ) (2.5)

wherehjq is the vertical elevation of the surface of thelteto material in the cell when the measurement is
taken,hsprtis the vertical elevation of the thermal centrehed sensing element, add/dh is the hydrostatic-
pressure coefficient defined by ITS-90 (valuesgiven in Appendix B). Note that the hydrostatic grdssure
coefficients are related by

daT daT
— =pg—, 2.6
prala ap (2.6)
wherep is the density of the liquid arglis the acceleration due to gravity. The rangealfi@s for hydrostatic

corrections varies considerably between fixed owith corrections for mercury cells often morartti mK.
The uncertainty in the hydrostatic correctioniigeg by

o (07,0) = S ) 10 )+ )] 0 G @.7)

whereu(h;q) andu(hspry) are the uncertainties in the elevations, afu/dh) is the uncertainty in the hydrostatic
pressure coefficient.

The uncertainties in the hydrostatic correctioefficients are assumed to be low, as for the pressu
coefficients (Section 2.1), since the two are ssely related. However, there is an additional rioution of a
few tenths of a percent due to variations in thelosalue of the gravitational acceleratign,For most fixed
points, the uncertainty in the coefficient valuetedmined from immersion characteristics is muahér than
the values inferred from thdl/dp values. However, there are suggestions of aejseicy between measured
and calculated values of the hydrostatic-pressoeéficient for the water triple point (see, for exale, McAllan
1982, Sakurai 2002, Nakanishi and Sakurai 2005yevtitee magnitude of the measured coefficient isliga
few percent higher than the value inferred fron6)2Given the relatively large measurement uncetitss and a
weak correlation of the effect with thermometerdwbameter (e.g., see the data from Stock and S20@6),
some unresolved physical effect is a more likelplaxation. For most applications, the contributafthe
uncertainty in the hydrostatic-pressure coefficisrgmall (see also (9.27)).

For long-stem SPRTSs, the uncertainty in the locatof the thermal centre of sensing element is
compounded by the differential thermal expansiolsBRT lead wires and the SPRT sheath. For exarfae,
differential expansion in a 600 mm long SPRT wilhtipum leads and fused-silica sheath is about 6anthe
silver point. The uncertainty in the liquid levalthe cell is also compounded by the expansiohefiked-point
cell and its contents, and the change in volumiheffixed-point substance on melting. For examile,depth
of material in aluminium-point cells increases galamillimetres when heated to the freezing pothen
exhibits a further 7.2% volume increase on meltiSpme of the material constants required for such
calculations are presented in Appendix B.

The corrections for hydrostatic-pressure effentshie cryogenic points are much smaller than fer th
high-temperature fixed points, because of the aimb construction the cells. However, the unceiigsriave a
similar magnitude to those for the high-temperafixed points. The uncertainty still depends on theertainty
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in the location of the thermal centre of the SPRAd on the depth of the liquid surrounding the SPB3Jually
the liquid does not always cover the SPRT and #peidincreases as the liquid fraction increases.

2.3 Impurity effects
Impurity effects are usually the most significamtusce of uncertainty in fixed-point realisationsedent
improvements in the accuracy and limits of detectio the chemical analysis of impurities in fixedimt
substances have made it feasible to model andatdoresome impurities. This has had a considerabpact on
both the realization technique (Manguanal. 1999a, 2000a) and uncertainty analysis (Fellnetigd. 2005c).
Throughout this section, we refer only to impust§ects. However, the same observations and maeghglly to
dilute isotopic effects (Section 2.4).

Before discussing the assessment of uncertaititieso impurities, we provide background discussion
the melting phenomenon, the effect of impurities] a short derivation of Van't Hoff’s relation. Rce (1966)
provides a tutorial description of all aspects lt# problem and the interpretation of phase diagramsbert
(2002a, 2002b) provides good background readinghenunderstanding of the thermodynamic potentia an
entropy, and the derivation of Van't Hoff's relaticomes from Ubbelohde (1965).

Melting and freezing

All chemical reactions and phase transitions ingadvbalance between the tendency for systems tgpgpdbe
lowest energy state, and for the thermal energhénsystem to be dispersed as far as possiblediSpersal of
thermal energy (i.e., atomic and molecular kinetiergy) is maximised when the system has access noany
microscopic (quantum-mechanical) states as possiliie number of microscopic states is measuredhby t
entropy. The balance between the two tendencidgssribed in terms of the thermodynamic potentfahe
system (in this case, the Gibbs’ free energy)

G=H-TS, (2.8)

whereH is the enthalpyT is thermodynamic temperature, a8 the entropy. The enthalpy is the total energy
of the systemid = E + PV, comprising the internal energy plus the poterdigrgy due to volume and pressure.
Systems tend to reorganise themselves spontandousiinimise the thermodynamic potential.

In the solid phase, atoms are constrained to ropetential wells (a small volume centred on gos#
in the crystal lattice) with relatively few micraggic states available. In the liquid phase, atorasaéle to move
within a large volume with access to a large nundet high density of microscopic states. Liquidsréfiore
have higher entropy than solids. For atoms to niowa the solid phase to the liquid phase they iregenergy
to lift themselves out of the potential wells, ahis change in potential is the origin of the eipfaof fusion.
The liquid phase therefore has both higher enteomyhigher enthalpy than the solid phase. Figurgbts the
typical thermodynamic potentials for solid and I@jphases. Note that the two curves cross so lteatninimum
thermodynamic potential is achieved with the systeifferent phases depending on the temperature.

M 1 Liquid
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%* ——————— Freezing

S Solid —— point

o |

Q

€ 1

IS

c

>

2

o
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£

(]

c . .
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Figure 2.1: The variation of thermodynamic potential with tesrgture for the solid and liquid phases.

At the freezing point];, the thermodynamic potentials of the solid andiicphases are equal, that is

He-T,S=H_-T,S., (2.9)
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so that the increase in enthalpy due to the enghafifusion AH, = H, —H, in the liquid is exactly offset by an
increase in the entropdS =§ -S;:

(2.10)

Impurity effects
When two substances are mixed together, the totame available to atoms or molecules of both suiyss is
increased, which increases the number of availatitroscopic states (i.e., the entropy). The presenic
impurities in a fixed-point substance thereforemltthe entropy of the two phases and the temperatuvhich
the thermodynamic potentials of the solid and ligpinases are the same.

The increase in the entropy due to dilution byrmapurity, in either phase, is

AS=-R(XIn X+ X, In X, ), (2.11)

whereX is the mole fraction of the fixed-point substankg,, is the mole fraction of the impurity, aftlis the
gas constant. The first term is the increase iropgtdue to the dilution of the fixed-point substarfnoteX < 1,

so the entropy is increased), and the second terdue to the dilution of the impurity. In a typidxed point,
the concentration of the impurity is very low ahe second term of (2.11) can be neglected. Thisisnteat the
increase in the entropy depends only on the maletitm of the fixed-point substance. That is, therical
properties of the impurities have no direct imparcthe fixed-point temperature: all that matterthe degree of
dilution they cause in the fixed-point substancadditionally, becaus& is very close to 1, the expression for
the entropy increase (2.11) can be simplified frthe., RXIn X = RIn(1-X;,,) = -RX, .

The freezing temperature with the impurity;.,, can now be determined by equating the thermodimam
potentials with the increased entropy includedbioth the solid and liquid phases:

He-T

fimp (SS+ RX imp,S) = H L_Tf,imp(SL+ RX (212)

imp,L) 1

and hence, so long as the temperature change ié antathe enthalpy of fusion (2.10) is the sameha
presence of impurities (which is true for suffidignlow impurity concentrations and negligible teenature
change), then

T

f,imp = Tf + Kf (x ximp,L) 1 (213)

imp,S -

whereK, = RT.?/AH, is called the cryoscopic constant (Note: the cmtsh = 1K; is occasionally used and

also called the cryoscopic constant). Equation3Ri4 one of many variations of Van't Hoff's relati. The
values ofK; for all of the ITS-90 fixed points are given in pgndix B.

One important consequence of (2.13) is that intiggrcan both raise and lower freezing points. This
also be seen in Figure 2.1, where increased enfaymither of the two phases will lower the redpeccurves.
Thus, dilution of the liquid phase causes the fregpoint to be depressed, and dilution of thedsphiase causes
the freezing point to be elevated.

Equation (2.13) can be expressed in terms of thle fraction of the impurity in the liquid phase:

Tf,i :Tf + Kf (K) _1)Ximp,L :Tf +n1 me,L ' (214)

or in terms of the mole fraction of the impuritythre solid phase

T, =T ek 5

Ximp,S =T + n‘Eximp,Si (2.15)

where Ky = Ximp,s Ximp,. iS called the equilibrium distribution coefficiefior the impurity (also called the
segregation coefficient or partition coefficiemydafractionation coefficient when applied to isatompurities).

2 Freezing-point depression, boiling-point elevatiang osmosis are phenomena that depend only onuthbers of atoms
or molecules, and are described as colligative gntags. Van't Hoff received the first Nobel Prizsaaded for Chemistry in
1901 for the explanation of the effects.
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The parametersis andm, the slopes of the two lines, are the sensitigdgfficients giving the change in the
freezing temperature with impurity concentration.

In fixed points, the observed behaviour with agnimpurity in low concentrations is describeddne
of the two simple binary phase diagrams shown guifg 2.2 (Prince 1966, Sloan and McGhie 1988). The
figures plot the liquidus temperature (onset oéfiag with cooling) and solidus temperature (omsanelting
with heating) versus impurity concentration. Atfgiéntly low concentrations, the liquidus and gwidus are
linear and described by the expressions (2.14)(arib) respectively. Since the two expressionsdifferent
parameterisations of the same relation, they cagbated, and hence, the ratio of the slopesasgilen by the
distribution coefficientky = m /Ms= Ximp s /Ximp,.. Note too that the slopes are constrained by dhation
1/m -1/m_=1/K,, independent of the solubility of the impurityeither phase. (These results are true only at

sufficiently low concentrations where the solidusl éiquidus are straight lines, it not true genlgral

X
imp,L k. <1 X
0 mp.L Liquidus
g
2 2
2 LoD ©
5 5
o) Liquidus o
o8 g
e O +-——- Solidus
o [
|_
Solidus ky>1
Ximp,S Ximp’s
Impurity concentration Impurity concentration

Figure 2.2: Simplified schematic representation of the bindrsige diagrams for impurities at low concentratids.
temperatures above the liquidus, all of the mateyiéquid, below the solidus, all of the materiglsolid, and between the
solidus and liquidus, solid and liquid coexist @uidibrium.

Segregation during freezing

Consider a fixed point, in a molten state with mpirity of concentratioXim,, and subject to slow cooling. As
it cools, the temperature eventually falls to tlogiilus temperature and a small amount of solichforUnder
equilibrium conditions (chemical and thermal), tliguidus and solidus temperatures (as indicatedtHzy
horizontal lines in Figure 2.2) must be the santeés Tan be true only if the ratio of the impuriggncentrations
in the solid and liquid is equal to the distributiooefficient. Consequently, as a freeze progresssil will
form with a different impurity concentration to thiaa the liquid. This segregation of impurities Wween the
solid and liquid phases causes the concentraticheofmpurities in the remnant liquid to increakg< 1) or
decreasekp >1), which in turn causes the liquidus temperatareéhe remnant liquid to change. If the impustie
are distributed uniformly in the remnant liquid,dathere is no diffusion within the solid, then thguidus
temperature of the remnant liquid changes witHithed fraction of the substance, (0 <F < 1.0):

Tf,imp(F) = Tf + Kf Ximp,L (ko _1)Fk071! (216)

where Ximp, is the initial concentration of the impurity (whénis uniformly distributed through the molten
fixed-point substance). The fact¢k, -1)F*™ is plotted in Figure 2.3 for several valuekgfo show the effects

of impurities with differenk, values on the shape of the freezing curve.

While there is a continuous range of possiglealues from 0O to very large values, there are digtinct
families of freezing-point behaviour. The most coomrcase is for impurities witky < 1 (i.e., the impurity is
less soluble in the solid), so the impurities caai$eeezing-point depression. A special cadg 0, where the
impurity is completely insoluble in the solid. Edioa (2.16) then simplifies to Raoult’'s law for &&ng-point
depression and the observed fixed-point temperatuages with liquid fraction according to

1

Tf,imp (F) :Tf - Kf Ximp,L F : (217)
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Uncertainties in the realisation of the SPRT subranges of the ITS-90

For systems with impurities witky = O, plots of temperature versu§ Provide a direct measure of the impurity
concentration (see Figure 2.3(b)), and extrapaiatim 1F = 0 can be used to determifig In practice, few
impurities haveky = 0 exactly, and it is extremely unlikely thatigefl point will have only impurities with
ko =0, so (2.17) is at best approximate for mostdipoints and quite misleading for others. If (2.i57itted to
the observed freezing curve for a fixed-point withny different impurities with differef values, the fit tends
to confuse temperature elevation and depressioausecimpurities with distribution coefficients kefand 1k,
yield freezing curves with similar slopes (comptre curves in Figure 2.3 fdg = 0.5 andk, = 2). The fits also
underestimate the temperature depression in samjtlesignificant concentrations of impurities withvalues

in the range 0.1 to 1 (Fellmuthal. 2003a, Fellmuth and Hill 2006).

The second regime of Figure 2.3 is for impuritiéth kg > 1, in which case the observed temperature is
always elevated. Note the asymmetry in the curddSigure 2.3(a); impurities with low values kf have the
greatest effect at the end of the freezing curwdle impurities with largek, values have the greatest effect at
the beginning of the freezing curve.

4
4 .

i\ 3] \ _
£ 3] \\ ] \ ———— kp=50
5 ] N 2 \

o 24 N - \
2 N 1 \ ko= 2.0
9 l{ \\ - N\
2 \\\\ o \\\
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] F e T N R, L T
o ly-me T - . . T
= 7 o - ~ —
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g ~. -3 \"\,

31 (a . (b) ~.. _—.. ko=0

] . -4 ~.
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Time (1-F)

Figure 2.3:ldealised freezing curves for fixed points with imties with different distribution coefficients @arding to the
factor (k, ~1)F "™ of Equation (2.16): (a) plotted against the frofraiction 1 —F (approximately proportional to elapsed
time), (b) plotted againstB/(linear in the case fdg = 0).

Non-equilibrium effects

The discussion of segregation effects describedvaalamssumes that impurities are uniformly distridute
throughout the liquid as it freezes. In practiceyesal non-equilibrium effects affect the distribut of
impurities. These include diffusion effects, corti@t, the non-uniform advancement of the interfdue to the
formation of particular crystalline structures (&hoand McGhie 1988), and the fact that freezingtgare often
realised with two solid-liquid interfaces. Diffusi@ffects are particularly significant. As freezimgpgresses the
impurities rejected from the solidty(< 1) build up in front of the solid-liquid inteda, and only slowly diffuse
throughout the remaining liquid. F& > 1, the analogous effect occurs with a deplegggion in front of the
interface. In either case, when the freeze happeng quickly relative to diffusion rates, no segagn is
observed, and the entire sample freezes at oneetatope. Thus, the effect of rapid freezing is tevent
segregation. For a planar solid-liquid interfaceaim infinite liquid, the effective distribution cifieient is
(Burtonet al. 1953)

; K,
T @) VaD)’ (229

whereV is the interface velocityd is the 1é thickness of the liquid layer in front of the irfece where the
impurity has become enriched or depleted, Bni the diffusion coefficient for the impurity. Notthatke
approaches 1.0 as the interface velocity increasdfsfreezing rates approach or exceed the diffusiates,
freezing curves become flatter according to theievadf k. (suggesting high purity), while the temperature is
still elevated or depressed according to the vafug.

This effect places limitations on fixed-point rieation techniques. For example, limitations in the
thermal conductivity of materials make it practigaimpossible to freeze fixed points sufficientlyigkly to
prevent segregation (Jimeno-Largoal. 2005). On the other hand, the time taken for sonpurities to fully
diffuse and equilibrate over distances of manyimétres in the liquid phase may be many tens ofrdiou
Consequently, the shape and temperature rangeedifig curve can depart significantly from the Boaum
curves shown in Figure 2.3.
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Complications with diffusion effects, multiple impties of differentk, values acting together, and
thermal effects arising from non-uniformity of thenace or cryostat temperature, make it practidaipossible
to relate the observed broadening of the freezamge to impurity concentrations or to infer goodumfitative
estimates of the temperature depression or elevationsequently, the only point on a freezing cuameenable
to modelling (from which the fixed-point temperatus determined) is the liquidus point: the pointadaich
freezing first commences.

Melting points

The discussions above apply directly if the fixexdnp is a freezing point. In practice, the galliypoint and the
cryogenic points are realised as melting pointeallg, the melting curve reflects (almost literalthe freeze
that precedes the melt. Suppose, for example, stasute containing impurities witly < 1 is initially frozen
slowly to produce a freezing curve similar to tbevér curves of Figure 2.3 (a). When the same fpetit cell
is heated, the first volumes of the fixed-pointstaibce to melt are those with the highest impwatycentration
(lowest solidus temperature), and the temperaises igradually as the purer volumes of the substamait. If
the temperature across the fixed-point cell isamif for both the freezing and melting processed, tag melt
and freeze heating rates are constant (not nedgsbarsame) and both rates are slow enough tasvadbmplete
diffusion of the impurities in the liquid phasegththe observed melting curve will be a time-resdrgersion of
the freezing curve. Seldom are all of these carmtmet.

If the melt follows a fast freeze where very étegregation occurs, then the resulting meltingecwill
also be flat, although there will be differenceswsen melt and freeze due to non-equilibrium effectn
practice, the finite impurity-diffusion rates metmat non-equilibrium effects are nearly always apptin the
differences between the melting and freezing cuMese that the liquidus point for a fixed poinglieed as a
melting point is where the melt is complete.

Validity of the model

Van't Hoff’s relation is a very good approximatiéor all systems in equilibrium at given sufficigntow
concentrations of impurities. However, the rangevalidity of the relation is difficult to predicit the low
concentrations typical of fixed-point substances] & the absence of nearby phase transitions @ug.to the
formation of other compounds at very low conceiirgt the equation is expected to be valid.

The effect of nearby phase transitions can battoduce strong curvature into the solidus andidigs in
the binary phase diagram. In these cases, the lewations for the solidus and liquidus (2.14) éhd5) may
be accurate only at impracticably low impurity lbsveSystems with phase transformations at impurity
concentrations below 1% are quite common and dkedc&ero-percent” systems because they occur gkrse
to the 0% axis on 0%-100% phase diagrams. It iknotvn how many such systems have phase transfiomsat
at concentration below, say, 0.001%. Connolly areAN&n (1980) report an example of iron as an inifgun
tin, which forms a Sn-Snkecsutectic at an iron concentration of 0.0011% (a&pmAlthough the eutectic
temperature is 8.1 mK below the freezing point ofeptin, for iron concentrations of less than 0D®@lthe
freezing range never exceeds 1 mK. In the extremse,ca sample of impure tin with the eutectic cositjom
will give rise to a perfectly flat freezing curvel8nK below the true freezing point. That is, phaaesitions at
very low concentrations can result in large charigethe liquidus temperature that are not betraygdarge
slopes in the freezing or melting curves. This nsearflat freezing or melting curve is a necessarty rint
sufficient indicator of purity Connolly and McAlla(L980) identified over 70 zero-percent systems ragab
metals used as fixed points.

Impurities giving rise to phase transformationdaat concentrations are difficult for several reaso
Firstly, as illustrated by the iron-tin examplegyttan give rise to relatively flat freezing curgsaggesting high
purity) while causing large changes in the fixedapdemperature. Secondly, the relevant (low-cotredion)
liquidus slopes are very different from those a& Higher concentrations usually reported in phaagrams.
Thirdly, the solidus and liquidus slopes may besdinonly for a very narrow range of measurable hitpu
concentrations, making the slopes difficult to measFinally, if the impurity concentration is oids the linear
region, then it is difficult to apply corrections.

Corrections and uncertainties for liquidus temperatures. the SE Method
Because the effects of the impurities depend onlyhe total numbers of impurity atoms in the salidi liquid
phases, Van't Hoff’s relation (2.13) can be rewritt

Toimp — Tt = K Z(xi,s - Xi,L) (2.19)

where the indekranges over all of the different impurities in thébstance. This can be rewritten as
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ATy =T ~ Ty = _KfZ(kO,i DX, :_Zm,in,L ) (2.20)

wherem | is the liquidus slope for each impurity (see (2)1%hat is, an overall correction for impuritiesincbe
made bysumming the individual estimates (SIE) of the corrections for each impurity. Thecerainty in the
impurity correction, due to propagated uncertagmiiethe various parameters, is:

u? (AT, ) = S [u(X, ) +ui(m )X . (2.21)

While the SIE method can be applied to the cryagéired points (see Section 4), it is not yet yull
realisable for any of the metal fixed points. Thethod requires knowledge of all of the liquiduspgle for the
various impurities and complete data is not yeilalbke for any of the metal fixed points.

Many of the liquidus slopes can be derived frorblished binary phase diagrams, e.g., Massaiséi.
(1990), Bakeret al. (1992), Villarset al. (1995), but usually the diagrams do not haveiaafit resolution to
calculate the liquidus slopes for zero-percentesyst Computer programs for thermodynamic calculatiare
also capable of computing phase diagrams usingods¢s of the thermodynamic properties of the nadseri
(Eriksson and Hack 1990, Janssral. 1993). The cryogenic fixed points have relatividw impurities that
affect the liquidus point and most of the liquidsispes are well known (see Section 4.1). At pretfsmimost
complete table for the metal fixed points is for (irellmuth and Hill 2006). Research continuesdamplete the
tables of the liquidus slopes for the other comtiames of fixed-point substances and impurities. fRepet al
(2008) list the impurities commonly found in thetaldixed points.

The chemical analyses are also a limitation far IE method. Some combinations of elements and
impurities remain difficult to analyse, so the uramties in the concentrations can be unacceptaboge. In
addition, the uncertainty estimates for chemicallgses may not be expressed in a manner consisignthe
ISO uncertainty guide. Until recently, the commaagtice in chemical testing was to use the repdayabr
reproducibility of measurements, commonly expressethe limits of detection, as the basis for theeutainty
assessment. This may still be the practice in nlabgratories. Such assessments often omit otheifisant
sources of uncertainty including sampling effestsgregation effects within a sample, contaminatbrthe
analysis equipment, and calibration effects. Thmsgrtainties in chemical analyses may be largar teported,
and the magnitude o@(X;;) may be comparable tX  itself. Where the uncertainty of the impurity
concentrations is large compared to other uncéigainit is important to compute the degrees oédimm
associated with the standard uncertainty (2.21erieure that the expanded uncertainty can be pyoperl
computed.

Pavese (2009) reviews the available informationrfmaking SIE assessments for the cryogenic fixed
points (see Section 4.1). Fellmuth and Hill (20p63sent the example of an SIE analysis applieihtorhey
also discuss and demonstrate the limitations ofimibe analysis in the assessment of impurity effeatsd
compare the SIE method to other methods. See Widiat al. (2006), and Renaat al (2008b) for similar
studies on aluminium, Yamazawgal (2007b) on tin, and Widiatmo (2008) on silver.

Corrections and uncertainties for liquidus temperatures. the OME Method
In the absence of detailed information on the tigsi slopes and concentrations of individual impesijt
estimates of corrections and uncertainty can bedas anoverall maximum estimate (OME) of impurity
concentration.

The manufacture of high-purity metals by zoneniefj relies on the segregation of impurities thaturs
on freezing. Thus, impurities with extreme valuégligtribution coefficient are preferentially renexl: Given
this observation, we assume that the liquidus teatpee change for most remnant impurities lieh&range

|Tliq _T

pure

< ATOME, max: K fx tot,L" (222)

where X, =" X, is the sum of all of the impurity mole-fractionseSAppendix B for the values &f for all

fixed-point substances.

Empirically it is observed that most impuritiesvhd, < 1, and cause the freezing point to be depressed.
However, most fixed-point substances have someiitigaiwithky, > 1 (exceptions are hydrogen and neon), and
these impurities tend to have a much greater effettte liquidus temperature (see Figure 2.3). dfoee, in the
absence of additional information it is assumed tte correction is zero. If it is assumed that dmuidus
temperature in the range (2.22) is equally likéhgn the uncertainty in the liquidus temperaturgiven by
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— ATOME, max - K fX tot,L

U(ATowe ) = e NE

Where supplier assays are incomplete, i.e., lgckimcertainties or detection limits, or the listd#tected
elements is incomplete, often no further claim t@nmade beyond the nominal purity (e.g., 99.9999% b
weight, metallic elements only). Note that puritésrived via the expression L{detected impurities) are
unsupportable because manufacturer assays mawtaditle more than “no impurities detected”.

The SIE method generally yields smaller unceriggnthan the OME method. Note again, that zero isias
assumed and no correction is applied for the OMEate

(2.23)

Corrections and uncertainties for liquidus temperatures: The Hybrid SIE-OME Method

Although the tables for the liquidus slopes for thetal fixed points are incomplete, there is usefata for
many of the fixed points. It is therefore possibdecombine the SIE method for the impurities witthokn
liquidus slopes and the OME method for the remajimimpurities.

Validation

Whatever method is chosen for assessing the umtgrthue to impurities, corroborating experimerdggidence
for the uncertainty assessment should be sougl.iF Iparticularly so if the chemical analyses faresamples
taken prior to assembly of the cell; the cell matesind assembly process are significant sourcéspodirities,
especially for the high-temperature fixed pointsdiatmoet al. 2005, 2006).

Corroborating evidence in support of an impurigsessment can be found from the analysis and

comparison of melting and freezing curves. In nuases, the flatter the curve, the more pure thedfpoint
substance, and the closer the measured fixed pitat the correct temperature. Note that a flagZieg or
melting curve does not prove the substance is plrase transitions at low concentrations can &l rise to
flattened curves. The observed curve shapes slablddst be consistent with the known impurity ameation.
Extrapolation of the freeze plateaus to the ligaigoint using a function df or 1F (Strouse 2003b), and plots
of liquidus point versus freezing rate (Widiatretoal. 2005, 2006, 2008, Yamazawgal. 2007b) all provide a
qualitative indication of impurity levels. It shaube kept in mind that the impurities are not ndlynaniformly
distributed in metal fixed points unless the cglheld in the molten state for several tens of filofidditionally,
a melt following a very fast (quench) freeze gelhelaads to a more homogeneous sample with a namelt
range, whereas a melt following a slow freeze, Wihiltows significant impurity segregation, will Fea larger
melt range (Strouse 2005, Fellmuth and Hill 2008dn-equilibrium diffusion effects, effects due tom
uniformities in the furnace or cryostat temperatuethe formation of breaches in solid-liquid ifisees, all
complicate the interpretation of freezing and mejltturves.

Ultimately, comparison amongst different cells\pdes the strongest supporting evidence for théypur
of a fixed point. When using comparisons of différeells (Mangumet al. 1999b, Strouse 2003b), the cells
should be manufactured from different sources x#dipoint substances, and preferably made usirfgrelift
procedures (Widiatmet al. 2005). Comparisons performed in the same laboratgsing the same equipment are
more sensitive to temperature differences becatimr influence effects will be similar and highlgreelated.
Further information on the identification of thgdidus point can be found in Section 4 (cryogeixed points)
and Section 5 (metal fixed points).

2.41sotopic effects

For an isotopic effect to be manifest in a fixednpothe fixed-point substance must exist as twanore stable
isotopes (or isototopologues in the case of moéscgluch as water). Variations in the isotopic ccsitjom,
either due to variation in the natural abundancesiu® to fractionation during purification, lead $onall
variations in the fixed-point temperatures.

Isotopic effects arise because heavier isotopes laaver vibrational frequencies associated withding
in the solid and therefore lower-energy stateshim ¢olid. This means the lowest energy state fparéially
molten system at equilibrium has a slight excegb@theavier isotope in the solid. The solid-ligfratctionation
of dilute isotopes leads to a temperature depemrdencthe isotopic composition of the same form iaged
impurity effects as described by Van't Hoff's rédat (2.13).

The concentrations of stable isotopes are nornexityessed in terms of ‘delta values’ and measwitd
respect to the composition of a standard referematerial:

a-sample:|1Ra—mple_1’ (224)
ef
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whereR is an isotope ratio (e.g.2®p]/[*°0] or PH]/[*H]). The delta values are normally expressed inmier
(parts per thousand) which has the symbol %.. Choaild be taken to distinguish isotope racand mole
fraction X. For exampleRp = [?H]/[*H] while Xp = [PH]/([?H]+[*H]). This distinction is especially important
where a substance has two or more stable isotoples wignificant abundance (e.g., neon).

The fractionation factor is the ratio of the comications of a specific isotope in two differentaghks. The
solid-liquid fractionation factor

' 1+0_ .
as-l - Rsolld - solid , (225)
Riquid 1+ Jliquid
is equivalent to the distribution factég for impurities, as described in Section 2.3. Witle exception of
deuterium in the equilibrium-hydrogen point, fraciation factors for the fixed points are alwaysseldo 1.0.
For example, the solid-liquid fractionation factdes water arer_,(**0)=1.003 anda_,(*H) =1.02 (Nicholaset

al 1997) Because of the large relative differences in tenat masses dH and®H, the fractionation factor for
’H at the hydrogen point is about 4 (Fellmatial 2005b).

The effect of different isotopic compositions axefl-point temperatures has been determined erafyric
only for the hydrogen, neon, and water triple poi(dee Sections 3.3 and 4.2). A minor problem whitse
points is that the isotopic composition of the sabses used in the measurements that formed the bfs
ITS-90 is not known. Hence, comparisons of modeuh laistorical measurements are subject to uncéytdime
to the unknown differences in isotopic composition.

Of the remaining ITS-90 fixed points, only alumini does not have an isotopic effect because iteas
a single stable isotope. However, effects attribletdo isotopic composition in the other fixed gsitave not
been detected. In almost all cases, the magnitofidse effects are thought to be much smaller tingpurity
effects, and probably difficult to distinguish frampurity effects.

For substances with dilute fractions of isotopémy’t Hoff's relation, (2.13), with the fractionat factor
as, replacingk,, and the range of isotope mole fractions repladipg,, will give the magnitude of expected
temperature variations. While some informationvailable for the variations in isotopic abundanfiesmany of
the fixed-point substances, the fractionation fexcere not known. An important theoretical contfibuo to the
fractionation factor for a pair of isotopes is thetor(M, —M,)/ MM ,, whereM; andM, are the atomic masses
of two different isotopes (Tew 2008). The effedtedd therefore fall very quickly with increasingpeic mass
(and therefore, very approximately, with increasiixgd-point temperature). The second major cobntion to
the fractionation factor is a term in?, which would suggest that the effects fall verycily with temperature.
However, this temperature dependence is exactlypeosated by th€? dependence in (2.13).
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3. Water Triple Point

The triple point of water is the thermodynamic etiat which the solid, liquid and vapour phases afex coexist
in thermal equilibrium. The Sl definition of the lkim (BIPM 2005) further requires the water to habe
isotopic composition:

0.000 155 76 mdH per mol*H,
0.000 379 9 mo!’O per mol*®0, and
0.002 005 2 mot®O per mol*®O.

This is the isotopic composition of Vienna-Standadidan Ocean Water (V-SMOW), a standard reference
material distributed by International Atomic Energgency. Guidelines on the realisation of the watgre
point can be found in BIPM (1990), Manguatral. (2000a), and ASTM (2002).

The major effects giving rise to uncertainty ie thater triple point are hydrostatic pressure (Br@.2),
impurities (Section 2.3), isotopic composition (S@t 2.4), and strain and crystal size effects. Mafsthe
effects depress the temperature and, thereforengsha comparison of many cells, the cell realisirghighest
temperature will usually be closest to the defamiti

3.1 Residual gas pressure

Further to Section 2.1, the pressure above thaseidf the water in the cell is ideally due towhpour pressure
of the water only. In practice, there is usuallynsoresidual gas pressure arising from incompletgsieng of
the water during manufacture of the cell. The pressorrection can be estimated using the bubhiepcession

test (White 2004):
AT =[d—Tjh M , (3.1)
" Ldn) V-V,

whereV; s the initial volume of a bubble, trapped in tlalsoff tube or McLeod-gage extension on the ealt

V; is the final volume of the same bubble compresseter a known head of watér, within the cell. For most
cells in good condition, the correction is belowkK. and therefore negligible. In poor cells, the effenay be
several tens of microkelvin. Ideally, poor cell®sld be avoided for high-accuracy work so thatdberection

and uncertainty are always negligible. If the agatibn of a correction is unavoidable, the relatimeertainty in

the correction can be calculated as

w(AT,) wy, W (v, v 62
ATpZ h2 (\/| _\/f )2 \/iZ \/fZ ) )
The uncertainty is dominated by uncertainties i ¥blumes, which are affected by ambient tempegatine

internal dimensions of the seal-off tube or McLagaje, and the effects of surface tension on thélbulihe
contribution of the uncertainty in the hydrostatefficient is negligible and omitted from (3.2).

3.2 Impurities

Impurities in the water of triple-point cells givise to the most significant source of uncertaitygl the most
difficult effect to assess. Many of the impuritidely to affect the triple-point have a distribamti coefficient
ko= 0 and, therefore, depress the temperature byozippately 1.86 K.mof.kg™ or, equivalently, 103K for
each part per million (mole fraction) of impuritgee Section 2.3). Recent water-triple-point congoas, (e.g.,
Renaotet al. 2005, Stock and Solve 2006) exhibit results dispe over ranges exceeding 200 much of
which is due to impurities. There are four mainrses of impurity.

Chemicals used in the preparation of the wateéh@glass cells may be a source of contaminatioimglu
the manufacture of the cell. These may include HEl, and NHF, which are soluble in ice; i.&g # O (see
Section 2.3). Most of these materials have a highotiation constant, so are detectable from measemts of
electrical conductivity (see Ballico (1999) for theethod). With appropriate care in the manufac{dief and
Speights 1972), the contribution of impuritiestie source water can be kept very low.

Borosilicate glass, from which most cells and theanufacturing plant are made, is weakly soluhble i
water resulting in a temperature depression atithe of manufacture and additional drift with tim&ith high
quality cells, actual depressions at the time ofiuf@cture can be as low as a few microkelvin (Stecand Zhao
2007, Tavener and Davies 2007), but depressionp ¢d—100uK can be also be inferred from comparisons of
some new cells where isotope corrections have bwste. The drift rates range up-20 uK/yr with a mean

CCT WG3: July 2009 15



Uncertainties in the realisation of the SPRT subranges of the ITS-90

rate of—4 uK/yr, although the variation between cells is viamge (Hill 2001). With borosilicate cells, the fdri
rate is likely to increase with time and is verypdedent on the treatment of the glass prior tarthaufacture of
the cells (Whiteet al. 2005b). Storage of the cells near 0 °C and matwra of the cells from fused silica both
reduce the drift rate (Zief and Speights 1972, ®&eoand Zhao 2007). The use of fused silica cedy, m
depending on manufacturing process, result in ddridevel of particulate impurities and a higheitiah
impurity level due to the higher temperature reggiito melt pure silica and seal the cell.

The other main source of impurity is low-volatilitcompounds in the source water. For example, light
hydrocarbons have a similar boiling point to waterdistillation may not remove them. The typicalgmiéude
of this impurity effect is unknown, but anecdotaidence suggests that cells subjected to a protbdggassing
during manufacture (approx. 2 days) can bguROhigher than other cells, after isotope corretitiave been
applied.

Some impurity is due to the solubility of the casal gas in the cell. However, since one quartethef
difference between the temperature of the ice pamtt the triple point of water is due to dissohgabkses
(Ancsin 1982), it can be inferred that any impugffect due to dissolved gasses is smaller thanetsidual-gas-
pressure effect, which is usually negligible.

Because the most likely impurities are insolulslédce and are rejected during the formation of ittee
mantle, Raoult’'s law is applicable. This means {2at7), giving the expected temperature depresssaus
melted fraction, allows the determination of thepurity level and temperature depression from meamants
of temperature versus frozen fraction (Mendez-La@§02). The measurements take ~1 month and achieve
uncertainties of the order of 3.

When the first ice-water interface is formed ambuhe thermometer well, the water so formed is pure
than the main body of water. Measuring the tempegatealised by the cell in this state and agater afe cell
has been (gently) inverted several times to mix ithrer melt with the main body of water, may give a
indication of the impurity level (ASTM 2002). Thiest must be carried out with the first formatidrtie ice-
water interface and measurements must be corrémteslf-heating. A similar effect occurs with emtied use
of a cell over a week or longer. The waters aratimedwell and the main body appear to mix slowlysiag a
gradual depression of the observed temperaturetinith(see Stock and Solve (2006) for examples).

The main impurities in cells are usually the saltghe compounds used in the glass, some of which
dissolve and ionise in water. The concentratioionic impurities, such as sodium hydroxide, carebgmated
from the measurement of the conductivity of theamainferred from measurements of cell capacitarsus
frequency (Ballico 1999). However, some significamipurities, such as silicic acid, have a low i@tisn
constant and are not readily detectable by thihauktlf it is assumed that the impurities are duthe uniform
dissolution of borosilicate glass, corrections t&napplied (Whitest al. 2005b). However, because leaching
contributes to the dissolution, the dissolutiontioé glass is generally not uniform. The unceriaint the
corrections is therefore large, perhaps 50% ofctireection. The method is of little use for corhegtthe long-
term accumulation of impurities in either borosilie or fused-silica cells.

Triple-point cells can be made with a flask atetko that the mantle is formed from water digtifi®m
the flask (Stimson 1945, see also Tavener 2002 &hsures that non-volatile impurities do not etffthe
temperature. The effects of volatile impurities a@mand care is required to avoid isotopic fradiion effects
of up to 50uK that may occur due during the distillation (Nitdet al. 1997).

The best uncertainty due to impurities is achieiredecently manufactured high-quality cells and is
probably below 1K (Nguyen and Ballico 2008, Strouse and Zhao 20G&#ener and Davies 2007). The
dispersion of results in recent international corigoas (Stock and Solve 2006, Renetcdl 2005) suggests that
a depression and uncertainty due to impuritiesooftia 50uK is more typical for older cells.

3.3 Isotopic composition
Natural fractionation effects ensure that mosthef ¢ontinental surface (fresh) water, from whichsce

are made, is depleted in the heavy isofdpand to a lesser extefO and’O, with a strong dependence on the
latitude, altitude, and season at the locatioreffrecipitation (Bowen and Revenaugh 2003). THewaay be
further depleted or enricheduring the distillation and degassing processethénmanufacture of the cells,
(Nicholaset al. 1997). The combination of effects leads to c#list realise temperatures typically ranging
between 10QuK above to 11QK below the ocean-water definition. If the manutaitg process is not well
controlled, or involves multiple distillations, telcan be well outside this range. Because of épeddence on
source water and processing, the isotopic depmsaiaells is highly dependent on the cell manufeat
Recently, some manufacturers have adapted theiufaetnring processes to obtain cells with wateselthe
V-SMOW definition. The best of these cells may hare isotopic composition within +3(K of the ideal
(Strouse and Zhao 2007, Tavener and Davies 2007).

Ideally, the isotopic composition of the cell washould be measured by taking a sample after ¢le ¢
has been sealed (Nicholasal. 1997, Strouse and Zhao 2007), and a correctionieapfRippleet al. 2005,
BIPM 2006):
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ATiso = _ADJD - Aisoa-lso - A17cp- e ) (3-3)

where theAp, Ajso, andAy7 are the isotopic-depression constants, andithey?0, andd’O are differences in
isotopic composition from V-SMOW, according to

(180/ 16O)sample_( ISQ/ 160) V-SMOW 3.4
(180/ 160) ’ (3-4)

V-SMOW

50 =

and similarly fordD and 5*’0. The delta values are usually expressed in pefaajl per thousand) and are
usually negative for most cells. The valuesd®f and 5*%0 can be determined with standard uncertainties of
about 0.5%0 and 0.05%. respectivel/;’O is difficult to measure but can be estimated fidfeijer 1998):

)0,528

1+670=(146"0) ", (3.5)

which applies to all waters. The uncertainties tugne'’O are usually insignificant in any case.
For meteoric waters (precipitation), where orl{d has been determined, values 8t°0 can be
estimated using

3D =8x 50+ 0.07, (3.6)

which is known as the global meteoric water linea@ 1961). Strictly, this relation applies onlypoecipitation
and not to sea water or water after it has beeocggssed. However, it works sufficiently well to beeful where
the'®0 concentration is not measured directly (Perazai. 2007).

The most precise set of values for the isotopiaegion constants (3.3) are from Kiyosawa (Kiyosawa
1991, Whiteet al. 2003a), who measured the melting-point elevatibsamples of water enriched with D and
0. These values, currently recommended for use thighlTS-90, aredp, = 628uK and Ajgo = 641pK. The
value ofA;70is inferred as 5PK. Kiyosawa relied on the manufacturer’s assayhefwater, possibly neglecting
contamination with the other isotopologues (Tew ®idte 2005), and did not provide any uncertaintglgsis.
Therefore, the uncertainties in these values are wall known. The degree of consistency with the
measurements of Whit al. (2003a), and the much earlier measurements ofelcaid Baker (1934), suggest
standard uncertainties &b, Ao, andAq;o of the order of 2QIK, 50 K, and 5 pK, respectively.

The total uncertainty in the isotope correctiogiigen by

U (AT,,) = u? (A, ) (9D)” +u? (Ago) (5180)2 +u 2(A170)(517O)2

(3.7)
+U2 (JD ) A§ + U2 (5180) A1280+ u 2(5170) Ai70

The uncertainty is usually dominated by the undstitss in D and Ap. For cells no more than 1QX from
V-SMOW, the uncertainties in the corrections asslihan 41K, so are generally negligible.

Most triple-point cells made from continental freshter can be expected to be within 41K and
-110 pK of V-SMOW, so a correction of +50K and a standard uncertainty of BE will account for typical
variations in isotopic composition where no isotopiformation is available. Information on the carsjtion
may be available from the manufacturer. Some matwfers provide isotopic assays of the water, aag m
provide cells with the assay ampoule still attached

A further, smaller, isotopic effect occurs witletigpic fractionation between water and ice whenceie
is in use (Nicholast al. 1997). In theory (Section 2.3), the effect caubestemperature to be dependent on the
frozen faction and ranges from no effect for zeozén fraction, to aboutl5 uK for a cell nearly fully frozen.
In practice, the freezing rates for cells are sidfitly fast and the isotopic equilibration processo slow that
significant fractionation does not occur during thiéial freezing of the mantle ((2.18) and Ferretkal. 2002).
Measurements of the composition of the water aedriam partly frozen cells support the theory: €dtbzen
normally over a period of a few hours exhibit igmtofractionation of no more thangK (Nicholaset al. 1997,
Renaotet al 2008a). One cell frozen slowly over a few daysileixéd fractionation of UK (Tavener 2006).
However, additional fractionation occurs with freggat the ice-water interface around the thermemetll.
Detailed understanding of the effect of repeategZing and melting is not known, but it could bspansible
for a depression of a several microkelvin and sofithe observed non-repeatability of cells.
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3.4 Strain, crystal defects, and crystal size

The temperature realised in freshly prepared gt cells is low, typically by 0.2 mK in cellshere the
mantle is frozen slowly and as much as 1 mK fockjyifrozen cells (Berry 1959, Furukawa and Big@34,
Furukaweet al. 1997). The effect is reduced to below 100 over 2-3 days as the ice anneals, and after & ,wee
the effects are below 3K. To achieve temperature stability and reproduitybat the level of 1QUK or so, it is
necessary to allow the mantle to anneal for at I€@slays. While the annealing of strain and ctydédiects is
probably a factor in this effect, Berry's experin®(l959) (see also McAllan 1982) suggest the mzgoise is
due to the relatively high surface energy of sniadl crystals. The combination of interfacial temsiand
curvature of the surface of the ice produces aspresrelated temperature depression describedebihbs-
Thomson relation

ar=™, [ng, (3.8)
pL o

whereAT is the temperature depressianis the molar latent heat) is the molar masg is the densityjg, is
the interfacial tension between water and ice (+n3tf), andr, andr, are the two orthogonal radii of curvature
of the ice crystal. If the two radii are assumeg same, then the temperature depression is al@mpK.m, so
that crystals with a 1 mm radius of curvature woeddise the temperature to be depressed by abqui€.50he
gradual annealing and re-growth of crystals frof.2 mm to ~10 mm that takes place over the firat days
therefore explains the ~2QK rise in temperature.

Because of the range of crystal sizes surrounttiegthermometer well, each with different radii of
curvature (including one negative radius over mafsthe surface), the actual temperature of thewater
interface is variable at the level of a few micreke The effect is probably the cause of repeadbhtures
observed in the immersion profile of a cell.

3.5Buoyancy effect

Because the density of ice is less than that okrydhe ice mantle floats and pushes against tdeoérthe
thermometer well. The pressure on the ice-wateerfiate at this point causes a reduction in thelloca
temperature. The magnitude of the overall effepiedels on the volume of ice frozen, the fractiofcefabove
the water, the shape of the end of the thermomet#y and the thermal resistance between the thereter and
the thermometer well. The resulting cooling of thermometer can be as large aguROwith long-stem SPRTs
and 40uK with capsule SPRTs (White and Dransfield 200%&kusai 2002). The effect is practically eliminated
by placing a small (~10 mm) thermally insulatingpsge at the bottom of the well. The effect can tmher
reduced by using, above the foam, an aluminiumadragised-brass bushing as a thermal shunt (Furalend
Bigge 1982, Bojkowski and Batagelj 2007). Care musttaken when using a metal shunt that there is no
chemical reaction with the water (or ethanol, iédjsin the thermometer well, as this will alter thenperature
near the shunt.

3.6 Thermal effects

To obtain measurements with a repeatability ofikQthe mantle must be free of holes or areas witexgheres

to the thermometer well. The propagation of infdaradiation along the thermometer well and sterigifoating
from incandescent lamps) can also be preventedstmgua dark cloth or foil. The absence of strayrried
influences is confirmed by carrying out an immensiprofile measurement, which demonstrates that the
temperature follows the hydrostatic correctionb}2see also Section 5.1). Self-heating correctionst be
made.
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4. Cryogenic Fixed Points (e-H Ne, O, Ar)

The cryogenic fixed points of ITS-90 are the tripleints of equilibrium hydrogen, neon, oxygen angoa,
each of naturally occurring isotopic compositiorcBntly, the definition foe-H, has been modified to specify
more accurately the isotopic composition (Stetual. 2005). A similar clarification is expected for nedrhe
fixed points can be realized in practice with aitbpen (refillable) or permanently sealed cells.

The cryogenic fixed points differ significantly frothe high-temperature fixed points in their vesw!|
heat of fusion and the low thermal conductance.thisrreason, the cryogenic fixed points are ugualalized
in adiabatic conditions using the so-called caletiic method. The triple-point cell is slowly frazethen
thermally isolated and time is allowed for the asle of strain and equilibration of temperature withe solid.
The solid is then slowly melted by intermittent tieg, using a series of heat pulses of known enealggrnating
with stabilization periods in which the equilibriutemperature is measured as a function of theidmade, of
the sample melted. The triple-point temperaturthés determined by fitting a function of the melfeattion
to a selected range of measured equilibrium tenpes For full details, refer to th&8upplementary
Information. Further information on the realization of the miei and material properties of the fixed-point
substances can be found in Pavese and Molinar 1B82muthet al. (1999, 2003b), and Wolber and Fellmuth
(2008). Further information on the realization lné thydrogen point can be found in Fellmettal. (2005b).

The argon point may also be used for long-stem SP&STwell as capsule SPRTs. In this case, it is
usually treated in a similar manner to the metatdi points. However, the poor thermal conductarfcth®
argon leads to a small bias in the measurementdadiiee background heat flux (see Section 4.7 bekvd a
corresponding increase in the total uncertainty. teéchnical details on the apparatus, techniqud, tgpical
uncertainties for long-stem SPRTSs, see Bloembeegah (1990), Hermier and Bonnier (1990), Ahmetcal.
(2003), and Pond (2003).

The major sources of uncertainty in the cryogemini{s are impurities, isotopic effects, thermaketé
and, potentially, effects related to the resistameasurement (Section 8), typically totalling sevéenths of a
millikelvin. Note, residual gases in the cryogefiiked-point cells are treated as impurities; an itholoal
uncertainty term due to residual gas pressurerigeassary.

4.1 Impurities

The impurities in the cryogenic points may arismrirseveral sources, including contamination dutivegfilling

procedure, degassing of inner surface of the dmsifolution of bulk materials of the cell, and tevelopment of
leaks in the cell seal with aging. The relativetcibtion of some of these effects depends on vérdtie cell is
sealed or open. Because of the low temperaturbeotttyogenic fixed points, all but gaseous impesitare
easily removed, and only a small number of impesitheed to be considered. The distribution coefficand
the liquidus slopes for most of these impurities given in Table 4.1 (from Pavese 2009). Becausenatal

assays are readily available and the liquidus atidus slopes are known, the SIE method should yavee
applied.

Note that the OME method could be applied, but neerow range and mostly negative values of
distribution coefficients means that the OME metloodr estimates the uncertainty, and neglects lseadide
corrections. Note too that the application of Résuaw for the assessment of impurities in theoggnic fixed
points is not appropriate. Firstly, as noted int®eac2.3, all of the expected impurities have atriistion
coefficient,ky > 0, and some witk, > 1. Secondly, the plateau shape is affected éyttermal conductance of
the frozen material and background thermal fluxd ag isotope fractionation effects, and extrapolatdf the
plateau to the liquidus point would yield incorreatues for the impurity effects.

4.2 Isotopic composition

Isotopic effects are the largest source of unaastdor the equilibrium-hydrogen and neon pointeeThormal
variations in the isotopic composition of commelrgjases, combined with a relatively high sensiivitf
temperature to the isotopic composition, gives tisgariations in the hydrogen point spanning al®00 pK,
and 400uK in the neon point (Pavese 2005a). Because argdnoaygen are largely composed of a single
isotope (> 99.6% abundance) and the atomic massageater, the isotopic effects for these pointspaobably
below 20pK (Tew 2008).
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Table 4.1: The effect oril; of various gaseous chemical impurities on theciaigid pure substances (Pavese 200%e
values are given in terms of the distribution cioéght, ko, and the liquidus slopey asuK.ppma® (for gasses equivalent to
microkelvin per part-per-million by volume or amduwf substance). Symbols: 0 indicates a zero efgttndicates probable
zero effect, - indicates effect not known.

Fixed-point substance
Chemical e-Hydrogen Neon Oxygen Argon
impurity ko m ko m ko m ko m
He 0.21(14) | -11(2) 0 1.03(1) 1.5(5) 0?
H, 0.53(20) | -7(3) - 0
Ne 0.86(4) -2.0(5) 0.98(1) -1.0(5) -
0, 0 - 0.57(5) | -22(2.5)
N, 0 0.47(13) | -8(2) 0.60(4) | —22(25) | 0.52(4) | -24(2)
Ar 0? 0? 1.23(5) 13(2.5)
coO - - - 0.50(5) | -24(2.5)
F, - - - 0.80(4)* | -10(2)
CH, - - 0.45(18) | -30(10) | 0.42(5) | -28(2.5)
Kr - - 0.91(2) -5(1) 1.11(5) 5(2.5)
Xe - - 0.85(4)* | -8(2) 0.88(4) -6(2)

* Note: For K in Ar and Xe in @, the reported liquidus slopes and solidus slopesat consistent with each other (see
Equations (2.14) and (2.15) and the text followting equations).

Hydrogen

The isotopic composition of commercially availattenk’ hydrogen varies from about 2ol D/mol *H to
about 155umol D/mol*H, where D is deuteriunfHl). It has been established (Pavese and Tew (20@0kset

al. (2002)) that the discrepancies previously foundha e-H triple point are mainly due to the variable
deuterium content of the hydrogen used for itsizatibn. The technical annex to the mise en pratiffu the
kelvin, therefore, specifies (BIPM 2006, Stastiral. 2005) that the 1TS-90 temperature for the tripéént of
equilibrium hydrogen, 13.8033 K, is taken to rdfehydrogen with an isotopic ratio the same asdfiatandard
light Antarctic precipitation (SLAP). SLAP and VSM® (Vienna standard mean ocean water) are two standa
reference materials (waters) widely distributed the International Atomic Energy Agency for the
standardization of isotopic analysis (Gonfiantii978, see also Wise and Watters, 2005). The dauoidsotope
ratio in SLAP is very close to the mean isotopéoraf commercially available hydrogen. Most hydeag
isotope measurements are carried out with respetttet two reference materials, and reported as deliues
with respect to VSMOW, which has an deuterium ipeteatio, [D]/fH] = 0.000 155 76. The deuterium isotope
ratio in SLAP is defined in terms of deuterium s ratio of VSMOW, as (IUPAC 1994)

D pp = — 428 %o, (4.1)
where the symbol %o indicates permil (parts per #amal). Note that in molecular form, the isotopitoraf
hydrogen deuteride (HD) is approximately twice thio of atomic deuterium.

The isotopic correction for deuterium in the eituilm-hydrogen triple point is

AT, = Ay (0D = 9D) (4.2)

3 Where Pavese reports both the solidus and liqusthges, the values of the liquidus slopes anditivertainties given in
Table 4.1 are calculated from the weighted aveddgleek, values, with the values and uncertainties inférech the values
for the solidus and liquidus slopes (see Equatfgrist) and (2.15)).

4 The mise en pratique for the kelvin specifies tmmposition in terms of the isotope ratRy s ap = [D)[*H] =
0.000 089 10. If composition measurements are tega@s an isotopic ratio (see Section 2=4),the correction equation is
ATiso = kp(Rp sLap— Rop) with the isotope correction constagt= 5.42(31)uK per pmol D/mol*H.

CCT WG3: July 2009 20



Uncertainties in the realisation of the SPRT subranges of the ITS-90

where the current best measured valuedfois 0.844(48uK/ %o (Fellmuthet al, 2005b) The uncertainty in the
isotope correction is

u? (AT,,) =u?(A,) (0Dg e —OD)? + A2u?(oD). (4.3)

The propagated uncertainty due to the uncertaih#nds less than 2QK at the two extremes of the observed
isotopic compositions. Isotopic analysis of thetdaum fraction may be obtained with standard utateties in
the range 0.5 %o to 10 %o, S0 typically contributesslithan $IK uncertainty to the total.
If no isotopic analysis is available for the hygleo, then the composition is assumed to lie in a
rectangular distribution within + 410 %o of the sfand composition (4.1) based on the observed bligtan of
the composition of commercially available hydrog&€he resulting uncertainty due to the isotopic cosifion
is, therefore, 20QK.
Isotopic fractionation effects are expected t@tpkace during melting, but no estimate of the rnitage
of the effects is presently available.

Neon

Neon occurs naturally as three isotop@e, *’Ne, and®Ne. The isotopic composition of atmospheric neon,
which is normally taken to be the ‘natural composit has the isotopes in proportions of 90.48(3p22,7(1)%,
and 9.25(3)%, respectively (IUPAC 1997). Note, ipatarly, the large fraction dPNe, which has a triple point
temperature about 134 mK higher than that of nefaime natural composition and about 147 mK highemnt
that of®Ne (Furukawa 1972).

Recent research on the composition of commerczlbilable neon (Pavestal. 2005b, Paveset al
2008) suggests that most commercial sources aiehedrin®Ne by the equivalent of between 1R and
400pK, with the composition strongly supplier depend&tural variations in th&Ne contribute to variations
in the triple-point temperature of less thapl§ so are insignificant in comparison to the effett*Ne.

In principle, the composition should be measuned @orrected to the natural composition. However, a
present this is impractical. Very few laboratoreas provide accurate assays of the compositiopaihbecause
there is no convenient reference material for thétion of mass spectrometers. There are alsesotved
discrepancies between historical measurementsufiimgd atmospheric neon) and the more recent (apioabty
more accurate) measurements (see Patete2008).

For the moment, we adopt a literal interpretatibthe definition of uncertainty: that it charadtes the
range of values that can reasonably be attribuietthé neon point. We assume that the independemplea
measured by Paveseal. (2005b) and Pavest al (2008) are drawn from the full distribution of cpasitions
of commercially available neon. We also assume ttietneon used to define ITS-90 had a compositiatiné
same range (so that no correction should be applléee standard uncertainty in a realization ofrieen point
due to the isotopic composition is, therefore,

Uiso = 175pK. (4.4)

Where expanded uncertainties are being calculaesimall number of effective degrees of freedam=(10)
should be used. This recognizes the small numbardependent samples of neon used to estimateatige rof
triple-point temperatures.

4.31somer equilibration(e-H,)

With the hydrogen point there is an additional @nowith the composition in respect of the orthopard para-
H, forms, for which the triple points differ by abal#8 mK (Pavese and Molinar 1992). At the triplénpathe
composition will very slowly evolve to towards tleguilibrium composition (nearly 100% para}HTo reach
the equilibrium in a reasonable time requires tidition of spin-conversion catalyst to the fixedsiaell. The
approach to equilibrium follows an exponential dedapending on the amount, type, and activity efdhtalyst
(Fellmuth et al. 2005b). The total time for the equilibration pess is normally in the range from 1 hour to
1 day. An equilibration period of about 10 time stamts is required to ensure equilibration efferts below
10 pK.
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4.4 Strain and crystal defects

Melting in all materials commences around grain fuaries, crystal defects, surfaces, and some itypuri
centres. These ‘pre-melting’ effects contributéh® rounding of the leading edge of the fixed-pgilateaus. In
particular, the high freezing velocity occurringthe fixed-point substance changes from the supérdostate,
introduces large numbers of crystal defects intarge fraction of the sample. The effects of théedis can be
minimized by refreezing (slowly) from a partiallyefted sample so that there are seeds for crystadiz and
supercooling is prevented (Wolber and Fellmuth 20&8pecially in the case of argon, this procedarkices
the rounding of the leading edge of the plateau.

There are also additional effects, perhaps dubdgtesence of solid and liquid distributed arotived
walls of the cell above the main body of the solitiese effects give rise to a non-linear plateam,can be
removed through appropriate heat treatment (Naktaalb 2005a).

In the hydrogen point, the presence of the spinsemion catalyst leads to a much longer and more
pronounced pre-melting phase (Fellmattal. 2005b). The pre-melting behaviour is caused leyiticrease in
the distortion of the crystal lattice of the hydeogsample, by increasing the sample fraction intasirwith a
surface or boundary (Papehal. 2002), or by the confinement of portions of hygio in a restricted geometry
such as pores (Sakurai 1998, 1999, Nalairab. 2005b). The extent of pre-melting is strongly elegent on the
amount and type of catalyst (Steele 2002b, Nalkhab 2003, 2005c). Depending on the amount of catalydt
the geometry of the cell, as much as the first 20%ata for an observed plateau may have to beudied for
the purpose of extrapolation to the liquidus p¢&se Section 4.7).

4.5 Static thermal effects
The fixed-point temperature is realized within tiedl at the solid-liquid interface, normally somistence from
the SPRT. Because the cryogenic substances hawsyapwor thermal conductivity, the combination of a
background heat flux through the cell and the tlemasistance between the solid-liquid interface tie SPRT
leads to a static temperature error. The errorimnized through careful attention to radiationedtis and their
control systems.

The magnitude of the required correction can beriefl as (Fellmutht al. 1999, Paveset al. 2003)

ATst = _Psthhm’ (45)
where Py, is the background (static) heat flux aRgl,, is the thermal resistance. The value of the therma

resistance is estimated by applying a small additidveat fluxAP to the outside of the cell and observing the
rise in the plateau temperature as measured HyRIRT :

_AT

=5 (4.6)

I:\>thm

The thermal resistance is strongly dependent onctik design and is dominated by the poor thermal
conductance of the fluid phase and, therefore herfractionF of the sample melted. This means that the static
error increases approximately linearly as the rdditaction increases. Values of the thermal resc#anay vary
over the range 0.1 °C/W to 10 °C/W with differénaind cell design; i.e., orders of magnitude (Fethret al.
1999).

If nearly isothermal conditions are realized, thackground fluxPs; can be estimated from the
temperature driftiT/d7 before melting commencesd the heat capacit§, of the entire cell:

P, =CdT/dr, 4.7)

whereris time. The total magnitude of the static erran aormally be kept below 3. The uncertainty in the
static temperature correction (4.5) is

u* (BT, ) = u® (P R+ PAU*(R ) (4.8)

where the uncertainties in the measurements dfiehe flux and thermal resistance are those assdciath the
measurements (4.6) and (4.7).
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4.6 Dynamic thermal effects

During the melting, after each heat pulse, a thétraasient is observed with a recovery time depahadn the
cell design. An insufficient recovery period causeslynamic temperature error. Because the temperatu
equilibration involves heat distributed throughthe cell, the thermal recovery may deviate sigaifity from a
simple exponential law. Nevertheless, it is congahito adopt a simple first-order model to chamdmgethe
minimum period required to attain thermal equililoni with a time constant (Bonnier and Hermier 1982yese

et al. 2003)

Z-O = Rtth . (49)

where the cell heat capaciy and thermal resistand®,,, are as determined in Section 4.5. Because of the
differences in the thermal conductivities of sadidd liquid, Ry, varies throughout the plateau. The minimum
necessary recovery periagl, for each pulse can be estimated roughly by thetiosi:

T = ToIN (AT /AT, ), (4.10)

where AT ., is the peak overheating observed in responseetbeht pulse, andT ., is the maximum allowed

dynamic temperature measurement error. Recovemstimi, of up to 30 minutes (up to several hours in the
case of neon) can be expected.

For the highest level of fixed-point realizationAT, . should be kept below 2B0uK. For this level of

uncertainty, even longer time constants may cortteptay (Wolber and Fellmuth 2008). Especially lie tase
of neon, segregation during freezing may force hbat supplied to flow across the solid to the sdiigiid

interface, which may require waiting times of sevdrours. The decay time of the measured temperafter
the pulses have been applied should be measuredfdhd calculated waiting times are consideredl fang,

allowances must be made in the uncertainty budget.

4.7 Determination of the liquidus point

Because the cryogenic fixed points are realisedmafting points, the fixed-point temperature shoblel
determined by extrapolating the melting temperatarthe liquidus temperature (at the end of thet plateau).
This may be done by fitting a functiohe{F) or Te(1/F) to the experimental data (Felmuthal. 2005c,
Pavese and Molinar 1992), whefeis the melted fraction. The fitting should typigabe performed over the
central part of the melt range, to ensure the digeitemperature can be determined with the lowessiple
uncertainty. For values &f close to 1, the poor thermal conductivity of thpiid causes the melting curves to
become sensitive to the thermal surroundings. @nother hand, most physical effects influence thedting
temperature at low values, where the solid phase dominates. Theeetgfinclude, for example, the influence
of crystal defects and pre-melting effects duen® gpin-conversion catalyst (for e-binly). Thus, the choice of
the F range used for fitting should be considered vesefully after taking into account the propertiesl a
behaviour of the specific fixed-point material.

Some care should also be exercised in the choidbeofitting function. The optimum function is
usually different for different fixed-point substas and different fixed-point-cell designs. The rogen and
oxygen points tend to have very flat plateaux averide range oF while the argon and neon points are rarely
flat and usually require fitting and extrapolatidrhe choice of function should be guided by setect form
that minimizes the standard deviation of the expental data from the fit function and maximizes the
repeatability of the liquidus-point temperature. eldein mind that higher-order functions cause greate
amplification of uncertainty with extrapolation.

In some cases, the melting curves may be suffigidiat that detailed fitting is unnecessary. Tteue
near 50% melted fraction is often an adequate agtiraf the liquidus point, with a difference to tiguidus
point lower than 2QKK (Paveseet al. 2003).
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5. Metal Fixed Points (Hg, Ga, In, Sn, Zn, Al, Ag)

For most of the metal fixed points, the dominanirse of uncertainty is impurities, as discusse&égction 2.3
(Mangumet al. 1999b). Additional guidelines on the realisatafrthe points may be found in (Mangwenal.
2000a).

Other significant influence effects include resiigas pressure (Section 2.1), hydrostatic pressure
(Section 2.2), and stray thermal influences.

5.1Immersion and thermal effects

In the most practical realization of the metal fieg points, the cell is cooled at a rate of al®MY to 30 W so
the system is not adiabatic and thermal equilibrismot achieved. Thermal fluxes through the ée#iufficient
immersion of the SPRT, and the propagation of tlérnfluences from outside the fixed-point cell all
contribute to temperature errors that may be aglas several millikelvin (Batagedf al 2005, Strouse 2005,
Ilin 2003, Fahr and Rudtsch 2008).

Ideally, that part of the SPRT immersed in the digmint cell is surrounded by the solid—liquid
interface. Non-uniform nucleation or large temperatgradients impressed on the cell lead to gapthen
interface though which thermal influences propadhtanova and llin 2004, Fahr and Rudtsch 2008xHart
cells, a similar effect occurs because the SPRifsisfficiently immersed. These two effects are mised by
ensuring that the furnace in which the cell is tedais isothermal, and close to the fixed-point gemature.
Ideally, the furnace should be isothermal overlémgth of the cell and some distance above thetaethsure
the SPRT is not conducting heat from the cell.hié tspace above the cell is not isothermal, achgean
satisfactory freeze can involve delicate tuninghe furnace (llin 2003). Finally, the transparenéath of the
SPRT provides a medium for exchange of infraredatamh.

Figure 5.1 shows an electrical-analogue model oSBRT immersed in a fixed-point cell. The axial
resistances model the thermal conductivity alorgy ¢bll and SPRT, while the radial resistances mdikel
thermal resistance between the SPRT and the fir@t-gubstance or the furnace. The resistances form
thermal transmission line so that the influencdeshperature falls exponentially with distance. Bauniform
furnace and a complete solid—liquid interface wnitthie cell, the immersion profile seen by the SRRTbe

dr
+
dh

T(h) :Tfp (h_ho) +(Tfurnace_Tfp)eXp(hDL_ hj ’ (51)

whereh is the distance along the axis of the dajlis the location of the top of the liquid in thdlcthe second
term of (5.1) is due to the hydrostatic effect (®ecr2.2), and the exponential term is due to goonersion of
the SPRT in the cell. The distancés the 1¢ attenuation length of the transmission line andasmally in the
range 1-6 cm, depending on the fixed-point andctivestruction of the cell. The relatively shore ¢ngth and
long immersion depth of most cells and furnacesierssthat thermal conduction and convection effécts

ambient (room) temperature do not propagate albaghermometer to the cell (radiation effects dseussed
below).

T T

fixed point furnace

{'-'-______________________

N

T

measured

’

Figure 5.1: An electrical-analogue model of an SPRT immersedl fixed-point cell and furnace.

The model suggests two approaches for evaluatmgmersion conditions of the SPRT. In long cells,
there is sufficient immersion to make the exporsrigrm of (5.1) negligible. It is, therefore, pilis to track
the theoretical hydrostatic pressure dependentieedixed-point temperature for several centimetBgcessful
tracking of the hydrostatic dependence is only iessf (i) the immersion is sufficient and (ii) eéhsolid—liquid
interface surrounding the thermometer well is caatgal Note that an exponential approach to the ideal
immersion characteristic at lesser immersion, ascrilged by (5.1), will be observed only if the face
temperature near the top of the cell is uniform.
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The uncertainty due to immersion and stray therefédcts can be estimated from the residual
departures from the expected hydrostatic-presseg $trouse 2005, Quinn 1990):

1 dT

u2 A = T _T - —

(6Ta) = 3 X[ T T - (h 1)

2
’

(5.2)

whereN is the number of measurements of the immersiomackexistic, andiT/dh is the hydrostatic pressure
coefficient defined by ITS-90.

In short fixed-point cells it is not possible tchaave sufficient immersion to track the hydrostatfect.
The alternative test is carried out at full immenswith (5.1) replaced by

dar
T, szp+%Ah+lu(Tfumace_T f;) : (53)

meas

Although this equation can be derived from (5.1)bking a fixed value fadhn, it is more general than (5.1) in that
it also applies to systems where the furnace teatper is non-uniform and/or the solid-liquid interé is not
complete; the term dependent on the furnace ternperas indicative of poor immersion or non-uniform
nucleation of the freeze. The value for the appadprcorrection can be determined by applying tofthinace a
small, ~1 K, temperature oscillation with a periofiat least 30 min while observing the plateau (Faihd
Rudtsch 2008). The amplitude of the observed fatdbms in the plateau temperature provides a direzsure

of 1z

AT
= _— meas (5_ 4)
ATfurnace
A correction for the effect,
ATthm = lu(Tfp _Tfurnace) ' (55)

is then applied, as well as the hydrostatic coiwacNote that the value @f varies throughout the melt or freeze
of the cell (Fahr and Rudtsch 2008). The differebetween the furnace temperature and the fixedtpoin
temperature can be determined from the monitoriPBBonce the cell has stabilised after the freeze.

The uncertainty in the immersion correction is

U2 (ATthm) =u 2(lu) (Tfp _Tfumace)2 + luzu 2 (T fp_T furnac) " (56)

Additional information on the thermal effects camdbtained by modelling (Batagelj, 2005) or by nfiyidg the
thermal properties of the cell and surrounds.

In the higher-temperature fixed points, (tin poupgwards), the SPRT and cell are hot enough to
generate significant blackbody radiation at shodvelengths. At near-infra-red wavelengths (3 in
borosilicate glass, <@gm in fused silica) the sheath of the SPRT becomsssparent and provides a path for
heat to leak from the fixed-point cell, causing BRRT to be cool relative to the phase-transitisarface. The
effect ranges from about 1 mK or so near the zimotp(Berry 1966) to many tens of millikelvin atettsilver
point (Evans and Wood 1971). The effect can beaedsignificantly either by sandblasting the owstenface of
the SPRT sheath or by coating the outer surfatieeosheath with colloidal graphite. At the alummiand silver
points, the effect is significant and both techeisjare required to avoid errors of the order oKL m

5.21sotopic effects

For an isotopic effect to be observable there rhast natural variation in the isotopic compositidrihe fixed-
point substance. At present, the possibility ofapec effects in the metal fixed points has beepli@ned only for
gallium and mercury, where it seems likely that ¢ffiects are at most a few tens of microkelvin, pnobably
less. There is no isotopic effect in aluminium hesgait exists as a single isotope. For all theahrfeted points,
isotopic effects are currently assumed to be nixgig

Mercury

Mercury exists as 7 stable isotopes with mass nwsnaied nominal abundances (196, 0.15%), (198, 10.0%
(199, 16.9%), (200, 23.1%), (201 13.2%), (202, 29.9and (204, 6.9%) (IUPAC 1997). Natural isotopic
compositions haved'®Hg spanning a range of 10%with most within 5%. (Hintelmann and Lu 2003).
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Preliminary measurements of the temperature rehlisenercury-triple-point cells with compositiongasining
changes iB'*®Hg of 3% indicate that there were no discernable differeratethe level of about 1QK (Del
Campoet al 2008).

Gallium

Gallium exists as two stable isotopes with masshamand nominal abundances (69, 60.1%) and (72%39
(IUPAC 1997). Natural variations in the abundanaes very low with the standard deviation &fGa in 16

samples of about 1%Gramlich and Machlan 1985), suggesting that aotope effect will be very small.
Measurements of the temperatures realised in tbfébe same samples spanning a range of @w no

detectable differences at the level of aboupRQMangum and Thornton 1979).

5.3 Determination of the liquidus point
For the freezing curves of the metallic fixed-paimaterials, the maximum observed temperature ompltteau
should be taken as the best approximation of thaédus temperature. The fixed points should beigedlwith
inner and outer liquid-solid interfaces (Mangetral. 2000a) and extend past the maximum by 10 % t&2d
the fraction frozen, to establish clearly the vadfithe maximum and the resolution of its determiora

It should be kept in mind that the liquidus tempar@ depends on the degree to which the impuiities
the liquid have been allowed to equilibrate anda asnimum, the cell should be left molten overnigh

The observed liquidus point also depends on thegafor initiation of the freeze, and the nuctzati
procedure should be tuned to achieve a rapid regdvem the supercool (lvanova and llin 2004, Fald
Rudtsch 2008). The observed variations in the digsipoint (non-repeatability) are attributable toombination
of thermal effects (Section 5.1) and impurity eféeSection 2.3), so no additional uncertainty sthdne added.
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6. The SPRT

The ordinary long-stem SPRT with a water-tripleffigiesistance near 28 is typically used from 83.8058 K
(argon point) to 450 °C or 660 °C. The upper tempee limits arise from chemical or electrical keawn of
the insulating materials; 450 °C for SPRTs with aniand 660 °C for 28 SPRTs with quartz insulation. The
main source of uncertainty in this temperature eaisgxidation.

High-temperature SPRTs have quartz (fused-silingplation and a lower triple-point resistance to
mitigate insulation breakdown effects in the terapare range 750 °C to 960 °C. The triple-pointstasice is
typically 0.25Q, but thermometers of 0@ and 2.5Q resistance are also used. The main contributions t
uncertainty in this temperature range include ltarga drift and insulation effects, which for 0.25
thermometers may total several millikelvin at 960 °©

The preferred SPRT for the 24 K to 273 K range ikelium-filled capsule with a water-triple-point
resistance near 28. The helium gas improves thermal contact betwd®n glatinum and its immediate
surroundings while the capsule construction enalttes use of longer and finer lead-wires to eliménat
extraneous thermal conduction. Of the effects dised here, only strain effects generally apply apsale
thermometers.

6.1 Oxidation

The chemical interactions between platinum and erygre extremely complex, with as many as a dozen
possible oxides and allotropes. The formation afséh phases depends on the partial pressure of mpxyge
temperature, the presence of impurities in theimplat, and crystal size and orientation (Wang anti Y898).
Two of these oxidation states are of direct intetesplatinum thermometry (Berry 1978, 1982a, 1982ind
without appropriate care, the effects can caustehgas errors of many tens of millikelvin.

For the purpose of the description here, we cenditht platinum may exist in just three statestattie
platinum, a 2-dimensional or monolayer platinumdex{PtQ) on the surface of the wire, and 3-dimensional or
multilayer platinum oxide (Pt9and PtO). The potential energies of these statessach that at room
temperature the 3-d oxide is more stable than tle%ide, which is in turn more stable than metgbliatinum.
However, there are energy barriers between these 8tates, with the result that the oxide staed to occur
over a narrow temperature range. Below 0 °C, thlenmesufficient thermal energkT) to allow the 2-d oxide to
form from the metallic state. Above 0 °C the ratéoomation of the 2-d oxide increases with tempam@ until
about 380 °C, when it begins to dissociate. Throughhe range, the rate of formation is slow; itjust
detectable after 1 hour at 200 °C and is still pgeging after many tens of hours at 300 °C. TheoRidke shows
similar behaviour but is restricted to a tempemtange from about 350 °C to 560 °C. These temperaanges
are approximate; as the partial pressure of thgenxyn the fill gas of the SPRT decreases, bothrakes of
oxidation and the dissociation temperatures deergascsin 2003).

Figure 6.1, from Berry (1982a, 1982b), shows tffecé of oxidation on platinum SPRTs that are first
heat treated at high temperature to dissociatefdhe oxide, and then maintained at the indicadeaperatures
for 160 hours. The broader peaks in the curvesgire 6.1, in the range 0 °C to 350 °C, betraypttesence of
the 2-d oxide. In the 100 ° C to 350 ° C, rangeottide has approached equilibrium concentratiothensurface
of the wire. Below 100 °C, oxidation is still pregsing slowly. As the equilibrium concentratiorapproached,
the rate of oxidation decreases logarithmicallyd ammay take many days to reach some of the landisated
in Figure 6.1. Because it is a surface effect, tlative resistance change is inversely proportidoathe
diameter of the platinum wire. It may give risea® much as an 8 ppm increase in triple-point astst for a
25Q SPRT, or, equivalently, as much as 5 mK error(t %C. High-temperature SPRTs are less susceptible
because of the larger diameter wire.

Prolonged exposure to temperatures in the ran@*@5o0 530 °C (depending on partial pressure of
oxygen) allows the PtOto overcome the second potential barrier and shffinto the platinum, forming the
three-dimensional oxide. This oxide appears toltecatalytic; i.e., once initiated the 3-d oxidatiwill proceed
almost indefinitely. The narrower peaks in the 380to 450 °C range of Figure 6.1 are characteridtithe
effect. In extreme cases, resistance changes of than 100 mK in 28 SPRTs can occur. For this reason,
SPRTs exhibiting a steady and relatively rapid upwarift in triple-point resistance with heat treent at
450 °C should be considered faulty. At temperatates/e 450 °C the platinum dioxide begins to digsdeand
form platinum monoxide. By about 560 °C (the exachperatures depends on partial pressure of oxyten)
dissociation is complete, leaving metallic platinuieat treating the thermometers at 600 °C or higlilecause
the 3-d oxide to dissociate and should largelyoresthe SPRT. If the 3-d oxide has formed, extendeat
treatment for very long periods (>>10 hours) maydmpiired to restore stability.
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Figure 6.1: The increase in triple-point resistance obserne?biQ SPRTs following 160 hours exposure at the inditate
temperatures (Berry 1982a, 1982b).

Because the rate of formation, the rate of disgimni, and the dissociation temperature of the exid
depend on the partial pressure of oxygen in thertbmeter fill gas and the diameter of the wire, ritegnitude
of the effects vary amongst thermometers. In palgic since Berry discovered the effect, most tlameters
have been manufactured with a relatively low phprassure of oxygen to minimise the effects, andtle most
part, the 3-d oxide state has been almost complstglpressed. Note that the presence of oxygdmeifilt gas
of a thermometer is essential for the stability SPRTs. Indeed, metal-sheathed thermometers used at
temperatures sufficient to oxidise the sheath raterentually become unstable when the partiabquree of
oxygen is insufficient to prevent migration of mitacontaminants into the platinum (Zhabal. 2003).

Berry (1982a) found that the effect of the 2-ddexis equivalent to a low-conductivity semiconducto
layer of PtQ about half of one atomic layer (~0.1 nm) in thieks. The resulting changes in the resistance of the
SPRT are related according to

AR®) _ Ay AR 20.0x , (6.1)

R—iZO IQHZO

where ARy, is the increase in the triple-point resistance tlueoxidation,AR(t) is the increase in SPRT
resistance at temperatutedue to oxidation, and is a dimensionless parameter a little less th&nahd
dependent on temperature and the relative electaaductivities of the platinum oxide and platinunetal.
The error in the resistance ratio calculated usinigple-point resistance measurement taken imntedgliafter
the measurement &t), so that the SPRT is in the same oxidation stsite,

AW, =(Z —1)W(t)M. (6.2)

20

Note thatW decreases with oxidation singe< 1. Berry found that the factoZ ¢ 1\W(t) was almost purely
quadratic (actually almost linear):

(Z-1W () =-1.33 10t — 9.58 10t> (6.3)

with a relative uncertainty of about 5 %. Valueghsd factor are —0.023, —0.081, and —0.22 at 10@3C°C and
420 °C respectively. Equations (6.1) and (6.2) shioat the effect of oxidation is substantially redd if the
resistance ratio is calculated using the triplespmésistance of the SPRT in its oxidised state.

In order to avoid errors of several millikelvinelto 2d-oxidation effects it is necessary to marthge
effects. There are two main options.

Scheme 1: High accuracy measurements (incl. calibration at fixed points)

For the highest accuracy in a temperature measutethe resistance ratio should be calculated usiedriple-
point resistance taken immediately after the liggigneasurement at the fixed point. If SPRTs ammnalil to
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stay hot in the fixed point or cool slowly below®5C, oxidation effects can change the resistandier.
Similarly, 24 hours at room temperature will produ detectable increase in the oxidation. All mezments
for the Ga, In, Sn and Zn fixed points, in partanulshould be measured this way. The uncertaintthén
measured resistance ratio due to oxidation is then

0 (W,,) = (- Z)w )2 o) E*ZW) +u2((1—Z)2W(t)2)—AR*22°‘°X (6.4)

2
20 20

whereu(R ,,,) is the uncertainty in the triple-point resistance do oxidation, which can be estimated from the

range of water-triple-point resistances observathdicalibration. The relative uncertainty in tHe(Z)W term
is small, less than If) so its contribution to the total uncertainty isially negligible. An uncertainty of 2 ppm
in triple-point resistance due to oxidation woulélg an uncertainty of about 1K at 400 °C. The effect
scales approximately linearly with temperaturett@ouncertainty would be about K at 100 °C.

Scheme 2: General -purpose measurements

The procedure above requires a triple-point resigtaneasurement after each temperature measuresmmect,
may be impractical in automated calibration systeiorsexample. If, instead, the resistance ratiescalculated
using a triple-point resistance taken at any amdihee, when (6.1) does not apply, then the unastan the
calculated resistance ratio is

0 (W) = (1+22)W(t)2% gy Reeoo) 6.5)

2 2
20 RH20

The range of triple-point-resistances observed vitherSPRT is in typical use should be recordethdfwater-
triple-point resistance, used to calculate thestasce ratiow for the unknown temperature, is the mean
observed for the typical range of oxidation statks,factor of 2 can be omitted from (6.5). Thegeof values
should be used to estimate the uncertainfRq,009. A 2 ppm uncertainty in the triple-point resistangives
rise to an uncertainty of 2.0 mK at 400 °C. Notat tfhe uncertainty in triple-point resistance doi@xidation,
u(R,0x), is a temperature-dependent characteristgaoh SPRT.

There are also alternative calibration schemesefducing the oxidation effect during the caliboatifor
example, by heat treating the SPRT before eachfp@nt measurement and calculating the resisteataes for
the SPRT in an oxide-free state. This proceduretimasidvantage of enabling the use of a singleevidu the
triple-point resistance, but the disadvantage & tixidation of the SPRT during use will bias theasured
temperature by up to 5 mK or more.

6.2Impurities

In an ideal metal conductor, electrical resistaisceaused by the scattering of electrons by thdynaajitated
platinum atoms. This leads to an electrical resiztancreasing directly in proportion to temperafwand is the
basis of metallic resistance thermometry. Additlos@attering of electrons caused by impurities givise to
additional electrical resistance and errors poddigitranging up to several tens of millikelvin.

Impurities lead to irreversible changes in thastasce-temperature dependence of SPRTs, and are th
main cause of long-term drift. The impurities majgimate in metal sheaths at temperatures above@5dr
diffuse through the silica and glass sheaths dtenigemperatures. The effect of the impuritieoimtrease the
resistance by an amount that, above 50 K, is alomsttant with temperature (Berry 1963), i.e.

R(t) = Reea(t) + AR, (6.6)

whereRe,(t) is theR(t) relation without impurities andR is the shift induced by impurities. Equation (65
variation of Matthiessen’s rule.

For thermometers used at temperatures below 450e”@ng-term drift is usually very small, no more
than 1 mK with many hundreds of hours of use (B49¢2). Above 450 °C the drift increases with iasiag
temperature and length of exposure reaching about/A.00 hrs at the silver point (Berry 1966, Feltimet al.
2005a). Corrections can be applied using (6.6),dmgause the equation is approximate, and therethes
causes of changes in the triple-point resistartee,uncertainties are a significant fraction of twerection.
Ideally the SPRT should be recalibrated if thetdsiignificant.
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6.3 Vacancies and crystal defects

Defects in the crystal lattice cause scatteringlettrons and an increased resistance in the saneanas
impurities. There are two causes for the creatibdedects and vacancies. With sufficiently high paratures
(above 450C), the thermal agitation of the atoms may be eigffit for some atoms to jump out of position
causing vacancies in the crystal lattice. At higieenperatures, more complex (higher energy) ciystatiefects
and vacancies may be created. At any temperatueecdncentration of these thermal vacancies andctief
rapidly reaches an equilibrium concentration cagsin increased resistance of approximately (Be366)

-E
AR=120 exp —= |, 6.7
Rozo {ij (6.7)

where E, is the activation energy for the creation of thefedts (~1.5 eV for simple vacancies). The effect
becomes detectable at 580 (by quenching) and rises to many tens of millikelat 960°C. The additional
electrical resistance caused by the defects isntagral part of theR(t) characteristic of the thermometer.
However, if the thermometer is cooled too quickhe vacancies and defects become “quenched intanse
errors in theR(t) characteristic at lower temperatures.

Defects can also be created by mechanical shodkvimmation, with severe shock causing shifts as
large as 100 mK. More typically, effects of the erdf microkelvin accumulate each time an SPRThiscked
(Berry 1962). The most significant cause of defastshe cold drawing of the platinum wire prior toe
manufacture of the SPRT. This necessitates exteadeédaling during manufacture of the SPRT to ensure
stability. Mechanically created defects are assediavith work hardening of the wire.

For temperatures below 300 °C, the defects andneses have a similar effect to the impurities and
lead to a temperature independent shift easilyctltée as changes in the triple-point resistanapugEon
(6.6)). Above 300 °C, the thermal agitation of atomay be enough to allow atoms to resettle in #ticé,
restoring the vacancy and defect concentrationstequilibrium value. All defects anneal out acdogdto an
exponential law with a half-lifez, dependent on the activation energy for the defedttemperature:

T=1, exp[%j , (6.8)

where 1 is the time constant involved with the diffusiondaequilibration process. Thus, the annealing of
defects with high activation energies requires &igtemperatures and longer annealing times. Incimii
vacancies and crystal defects can be removed ctehpieith sufficient annealing (Berry 1966, 19728y and
Lamarche 1970). However, for the highest-energyeasf such as caused by severe mechanical shazk, th
annealing temperatures may be beyond the mataridlfor most SPRTSs. In these cases, the defeectffare
practically irreversible.

Routine annealing at 45C for an hour or two will remove practically allweenergy defects and
vacancies. SPRTs affected by severe shock or defeeinched in at high temperature (evident froptetpoint
resistance records) may require annealing at thypest operating temperature (up to 96). To avoid
quenching defects from high temperatures, Berry6§lecommends SPRTs are cooled and annealed at
decreasing temperatures in steps ofGPwith 10 to 20 minutes at each step. Once thevtbmeter has been
cooled to 450C, it can be removed quickly (< 10 minutes) frora thrnace to avoid oxidation effects.

For capsule thermometers, the upper temperatuie(tiypically 156 °C) means these effects cannot be
removed by annealing and are, therefore, pradgfiéadlistinguishable from impurity effects. A valdalk(high
resolution) indicator of resistance shifts in cdpgype SPRTs is the residual resistance at lidpaililim
temperature.

6.4 Strain and hysteresis

Strain on the platinum wires of SPRTs gives risghiee different types of deformation: elastic,sfita and
anelastic (Berry 1983). Elastic strain occurs foralh stresses, less than the yield point of theewamd by
definition, the wire fully recovers when the stréssemoved. From work on platinum strain gaugés known
that electrical resistance increases when the witerder tension and decreases when under compunedsie
combination of differential thermal expansion betwethe platinum wires and its insulating suppoatsd
mechanical movements of the wire, therefore gige to strain-gauge effects. These become appaititmt w
cyclic excursions in temperature of more than ssvens of degrees.

Plastic deformation occurs when the stresses extteedield point of the wire. Plastic deformation
rarely happens with thermal effects, but commoulyoapanies severe mechanical shock. It should reseerr,
therefore, during normal use of the SPRT. Plagtfornation tends to cause two effects: a dimensiomange
in the wire, and severe disruption to the crysialliattice with the creation of defects. While saohéhe damage
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will anneal out, the highest-energy defects andedisipnal changes are practically permanent. Punerdiional
changes cause a changdjpo but notW(t), whereas the high-energy defects have the sai®et e impurities
(Equation (6.6)).

Anelastic strain occurs at levels below the yiedihp like elastic strain and in conjunction witlagtic
strain, but does not recover once the stress isved It also gives rise to hysteresis effects,tbatSPRT can
be restored by annealing. Berry (1983) describisseffiect as similar to internal friction, so itpsobably due to
the creation of low-energy defects.

The magnitude of the hysteresis effects (elastitaelastic deformation) is strongly influencedtiy
design of the SPRT and materials used in the amt&in of the SPRT, and ranges between 0.1 mK peak-
peak to 1.8 mK peak-to-peak. Most SPRTs exhibieaff of the order of 0.3 mK peak-to-peak (0.1 mK
uncertainty).

6.5 Long-term drift and uncertainty

Oxidation, impurities, and crystal defects all givge to an increase in the triple-point resistaotan SPRT,
and all may occur during the use of the SPRT. Beedloe three effects have a similar effect onripéetpoint
resistance, but have different propagation lawsteiases in the triple-point resistance necessgiily rise to
uncertainty (ambiguity). Control of cooling ratesdacareful handling can significantly reduce thebayuity by
eliminating thermally- and mechanically-induced et#§. The remaining shifts may be separable aaupridi
operating temperature with oxidation effects odogrbelow 450°C and impurity effects above 45Q.

Long-term drift in SPRTs is evident from changastlie Ry,c values that cannot be removed by
annealing. The shifts tend to be a mix of two typeshange. Impurities and high-energy defects teathanges
in resistance that are well approximated by Masthém's rule (6.6). Note that downward drifts maydoe to
insufficient annealing during manufacture. Secondbgrmanent dimensional changes, caused by plastic
deformation, volatilisation of platinum, and chasgecurred during an episode of 3d-oxidation, l&ad change
in the triple-point resistance but not th£t) value (Berry 1966).

Ideally where thermometers exhibit significant grthey should be recalibrated. Also, drift caubgd
impurities tends to accelerate with time, so exgesdrift usually suggests replacement rather tiealibration.

If necessary, corrections and uncertainties carcdleulated by using the two cases (above) as botmds
determine a correction and uncertainty.

For a thermometer affected only by impurity-likéeets according the Matthiessen’s rule, the emor i
the thermometer reading using the latest anneakk wiR, ;0 is

AV\ldrif't =W _Wdeal = ARHZO (1_W) . (69)

1
20

In the other case there is no change invilig. Therefore, half of the value indicated by (6sBpuld be used as
a correction, and 1/3 of the value can be useleastandard uncertainty (assuming a rectangultitdison):

W (AW, ) =%(1—W)2 . (6.10)

If an SPRT affected by the impurity-like drift m@nisms is recalibrated, then the error in the
interpolated value of reference resistance rataers, since from (C.28) and (C.19)

AW, = QR (1—2% f (VV)]= 0. (6.11)

20

6.6 Insulation and leakage effects

There are two distinct effects causing electrinallation or leakage effects in SPRTs: moisturaénSPRT fill

gas, and insulation breakdown at high temperatbapacitance or ac/dc effects, which may also teedeas a
leakage effect, are generally due to faulty calsled ac-dc effects, as discussed in Section 8.2igfaase
Measurement). Moisture and insulation breakdowreot$f cause the measured resistance to be low, so
measurement configurations with the highest readarg generally the most correct.
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Moisture effects

Berry (1966), and Zhang and Berry (1985), estabtisthat the insulation resistance of mica-insulé8&dRTs
deteriorates once the thermometer has been used 4b60 °C for an expended period. Marcarino and &is
(1999) subsequently demonstrated that the effegtbmaas large as 1 mK or more. The problem is chbgehe
release of water from the mica when the SPRT i®saq to high temperatures. Quartz insulated theetens
may also exhibit a moisture effect, although iissially much smaller. The effect is greatest neg,0nvhere the
water condenses and possibly freezes on the itteurfaces of the SPRT. The effect decreases expiaiig as
the temperature moves away frori@ (Berry 1966). As the temperature decreases beltdy the conductivity
of the ice falls, while above T an increasing fraction of the water is vapour-38 °C, the effect is very much
reduced and by 200 °C the effect is negligible.

SPRTs affected by moisture typically exhibit loifg 10 minutes) settling times, and sometimes
instability, at the triple point of water. They Wilso exhibit hysteresis due to the migration @fisture within
the sheath, which may be confused with oxidatidacts. The effect may be sensitive to the operdtiaguency
of the resistance bridge, so it is sometimes daltéetby changing the frequency (current-reversaési for dc
bridges).

The presence of moisture is measured by usingcdrio cool the upper end of the SPRT sheath, which
condenses the moisture away from the electricalhdacting elements of the SPRT. The observed chiarntye
triple-point resistance typically ranges from umd¢able for good quartz SPRTs to 100 or more for older
mica-insulated SPRTSs.

High-Temperature Breakdown

At sufficiently high temperatures, all of the ingtihg materials used in SPRTs show the thermigterdecrease

in electrical resistivity characteristic of largesnl-gap semiconductors. The resistance decreapesaentially
with temperature, causing significant effects i2SPRTs at temperatures above 700 °C and inducinseas
large as 40 mK at 960 °C. Berry (1995) and eailltang and Berry 1985) investigated the effect and
demonstrated a complex dependence on a varietfloénce variables, including:

. The electrical operating conditions, including agrpund and screen configuration of the measurement
circuit, grounding or screening of components ia tixed-point furnace, any dc polarising voltaged a
the time that the SPRT is subjected to the potagisbltage.

. The structure of the thermometer, including thesia®r material, the geometry of the insulator mate
and the platinum winding, and contact between thgnum winding and the insulator.
. Thermal operating conditions including the tempaetistribution along the thermometer sheath aad t

thermal history.

There were also peculiar effects, similar to treceical charge and discharge of batteries, assatiaith the
insulation (Berry 1995, Moiseeva 2005).

White et al. (2007) and Yamazawe al. (2007a) showed that most of this complexity iplaied by the
influence of metal-semiconductor diodes (also kn@asrSchottky-barrier or point-contact diodes) fadrag the
points of contact between the platinum and theailnsulators in the SPRT. The conductance of iliea s
insulation appears to be a combination of semicotmubehaviour, perhaps associated with the surface
conductivity of the silica, and the small-signaistance of the diodes:

SM=§ exp[ _kI'EI'g ] +ST exp{f—_r%j ex;E%j , (6.12)

whereS, andS; are constant€y is the energy band gap associated with the semhimtor characteristic (about
1.6 eV),qe is the Schottky-barrier height associated withdlweles (about 3 eV), andis any dc bias voltage
across the diodes (a negative bias voltage redtlmesconductance). At temperatures below TG0 the
semiconductor contribution dominates the insulatihaviour and the various non-linear effects avé n
apparent. Above 75T the diode conductance begins to dominate andvéneus rectifying effects and
susceptibility of the insulation resistance to @shroltage become apparent.

The conductancé in parallel with the sensing element leads teerease in measured SPRT resistance
and a temperature error of

(1+ At+BE2)’
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where R, is the triple-point resistance of the SPRT, akhdand B are derived from the approximation
R(T) = R (L+ At +Bt?), whereA = 3.985 x 103 B=-5.85x 10"". Note that the effect increases in proportion

to the SPRT triple-point resistance.

Although (6.12) gives the temperature dependericehe effect, the magnitude is not so easily
determined. In practice, the SPRT is far more caraf@d than a single conductance in parallel Wiif). There
are conductances distributed between each of #uks lalong the full length of the thermometer, eadbject to
different voltage and temperature profiles. Addititly, there are shunt resistances and dc voltagtgeen the
SPRT and the furnace. However, some general oliggrsaan be drawn that may enable its assessment.

Evans (1984) estimated the magnitude of both rialeand external (through the sheath) leakage, and
showed that guarding helps suppress some leakagtaree effects for several major models of theneter.
Berry (1995) also pointed out that external leakafiects (e.g., from the furnace) are significamg proposed a
model including the lead wires and the polarizagdfiect (now recognised as due to the diodes).yB@®95)
showed that a dc offset of the correct polarite (HoltageV in (6.12)) applied to the measurement circuitaor t
conducting screens substantially reduces the stmmductance (increases the resistance), and s@istaree
bridges have the facility for introducing the offs€his technique may yet prove to be a meansdsessing the
magnitude of the insulation resistance.

Measurements of the shunt resistance by many w®ileeg. Berry (1995), Yamazawa and Arai (2003,
2005), Moiseeva (2005)) suggest that typical vafoes lumped shunt resistance for thermometerbk gitartz
insulation are in the range 0.5(Mo 20 MQ at 960°C, which produce leakage effects of 3 mR.@8 mK for a
sensor withRy = 0.25 Q. Note that this effect may increase or decreaslewimg calibration, when the
thermometer is in use, depending on the temperatafdes along the thermometer sheath. These wvhtens
suggest a standard uncertainty of the order of 1anR60°C of 0.25Q thermometers, with the uncertainty
scaled according to (6.12) at lower temperatured, scaled in proportion to the triple-point resis@ of the
SPRT (6.13).

For thermometers employing glass and/or mica aigu, the leakage conductance is much greater and
becomes apparent at lower temperatures with eofoabout 1 mK at 600 °C. Yamazawa and Arai (20GB)eh
evaluated the leakage resistance for Netsushiniaduimsulated thermometers.
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7. Interpolation error and non-uniqueness

Ideally, the interpolating equations of ITS-90 sldoaccommodate the real variations in Yg) relationship for
different SPRTs. In practice, the functional forrhtbe equations is insufficient to characterise thany
complex physical effects that cause the variati@m hence the SPRT calibration equations are cubje
interpolation error. The error, called non-uniquenés manifest as differences in the temperainfesed using
different thermometers or different equations. Hynarise because more than one equation used ([ yo®-
uniqueness), more than one type of interpolatirgfruiment is used (Type 2 non-uniqueness), or @iffier
instances of the designated interpolation instriraemused (Type 3 non-uniqueness - see Marajan 1997).

In this section, we consider only Type 1 and T$p®n-uniqueness in the SPRT subranges: Type 2 non-
uniqueness contributes only between the,gbint (13 K) and the Ne point (24 K) where the SPahd the
interpolating gas thermometer subranges overlaph Bgpes 1 and 3 contribute up to 0.5 mK or more to
uncertainty in the temperatures interpolated betvieed points. In most of the SPRT subranges &-9D it is
the largest source of uncertainty associated \wighréalisation of the scale.

Little is published on the various forms of norigueness. The physical cause is presumed to béodue
different crystal orientations, different grain esiz and different impurities in different concetitnas in the
platinum wire, as well as variations in surface aadancy effects. The general mathematical forimotih types
of non-uniqueness is known since they are forniatefpolation error (White and Saunders 2007):

AW, = (W =W)W -W,)(... )W =W, Jg W), (7.1)

whereW;...W are the measured resistance ratios at the fixadspandg(W) is function of resistance ratio that
may or may not be known depending on the type of-umiqueness. It is not known whether there is any
correlation between the two types of non-uniquenfesthe present they are assumed to be uncaetkelat

The definition of the uncertainty for non-uniquesés problematic because of the multiple subraagds
definitions, some of which are infrequently useakhteof which gives rise to very different, typigation-normal
distributions of temperatures. There is also a o€ data in some subranges. To yield a consistanertainty
characterising “the range of values that ITS-9€@kattes to the temperature”, the standard unceytassigned
to non-uniqueness should be calculated as theataulktviation of the differences from the meanliopassible
formulations of the scale (i.e., averaged overeddit SPRTs and different subranges).

7.1 Type 1non-uniquenesgSubrange inconsistenqgy

Subrange inconsistency (SRI) arises from the diffee between the interpolating equations for twemint
subranges and for the same SPRT. For examplen¢besistency between the water—zinc and water—alumi
subranges, expressed in terms of the differencealoulated reference resistance ratio, is

AW, (W) - W, (W) = (W =1)W =W, JW - W, )c, (7.2)

where the superscript indicates the subrange @il the coefficient of W-1)° in the water—aluminium
interpolating equation for the SPRT (Zhiwual. 2002, White and Strouse 2008). SRI has two katufes, both
illustrated by (7.2). Firstly, it has a well-defthenathematical form determinable from the differieté¢rpolating
equations and measured fixed-point resistancestafiecondly, it has zeros at the fixed points shhgethe two
subrange equations, which gives it the same forrRasation (7.1). There is also a tendency for tRé ®
increase in proportion tAW" whereAW is the interval between adjacent fixed points, Bhni¢ the number of
shared fixed points. This is also apparent in (7.2)

For temperatures between 420 °C (zinc point) a6 °@ (silver point), there are no overlapping
equations and, therefore, there is no subrangesistency.

Between 0.01 °C (water triple point) and 420 °@qpoint), the subrange inconsistency is descritped
15 different equations arising from the overlaghef water—gallium, mercury—gallium, water—indiunater—tin,
water—zinc, and water—aluminium subranges. Becafifee AW" scaling property, over most of the 0.01 °C to
420 °C range, the SRI is dominated by the diffezelmetween the water—zinc and water—aluminium sgasan
There is good data for this subrange with studigsMangumet al. (1990), Strouse (1992a), Moiseeva and
Pokhodun (1992), and Ahmed (2005) and Ancsin (19B6¢ two most extensive studies are Zfairal. (2002),
and White and Strouse (2008), who determined thH®asge inconsistency for 65 and 50 thermometers,
respectively. The maximum values for the SRI oceear 93.15°C where the two studies found standard
uncertainties of 0.33 mK and 0.48 mK the latteulteprobably reflecting a wider range of SPRT madahd
manufacturers in the sample. Figure 7.1 gives RieuBcertainty versus temperature, calculated afiagrto
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Figure 7.1: Uncertainty due to Type 1 non-uniqueness (subrargmsistency) over the range 0 °C to 420 °C.rfhgima
occur at 93.15 °QN = 1.366 227) and 336.57 °@/E 2.274 97).

Uppsrr = 8:0% 10° | (W = 1)V Wy, YW -W,, ), (7.3)

which is derived from the measurements of White &trbuse (2008). Note that the equation gives the
uncertainty in resistance ratio as a function sfstance ratio, while Figure 7.1 has been scaldtiagdoth axes
are in terms of temperature.

For temperatures below 0.01 °C, the SRI arisen fte overlap of 5 different subranges between eéch
e-H,, neon, oxygen, and argon points, and the watgletpoint. Recent data for these subranges comes fr
Meyer and Tew (2006), and Steele (2005), with \s@nyilar results. With the data from 18 thermometbtsyer
and Tew determined the uncertainties shown in Eigu2. Each curve in Figure 7.2 gives the uncestam
temperature and is described by a polynomial ofdhm

Ur srij = Z Aj (Tgo_To)j . (7-4)

where the coefficientd;; and the constani are given in Table 7.1.
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Figure 7.2: Uncertainty due to Type 1 non-uniqueness (subrarggmsistency) over the range 24 K to 273 K.
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Table 7.1: Table of coefficientsdy; andT,, for the Equations (7.4) giving the uncertaintgda subrange inconsistency for

temperatures below 273.16 K.

Interval 24 Kto 54 K 54 Kto 84 K 84Kt0234 K | 23 Kto273K
To 24,5561 K 54.3584 K 83.8058 K 234.3156 K
A 1.22672x10 1.03503x10%° 5.93767x10° 4.29253x10"
Asr -1.88293x107 -9.83657x10" -1.19004x10* -8.51144x10P
Subrange 1 Ass 1.16274x10° 4.04173x10° 9.79845x10 -6.16575x10°
Al -3.32079x10° -8.84429x10 -4.11701x10° 0
Ass 3.61210x10 8.18525x10° 7.43745x10" 0
Aoy 1.22672x10 1.46965%107 8.17935x10° 1.12123x10°
Ay -1.88293x107 -1.22528%10° -1.17448x10° -2.41884x10°
Subrange 2 Ags 1.16274x10° 4.42159x10° 5.21656x10 -1.18754x10
Ay -3.32079x10° -9.02157x10 —6.27718x10'° 0
Aos 3.61210x10 8.08877x10° -3.52429x10" 0
Agy 2.44661x10° 4.51632x10° 7.57190x10
Agp -2.17672x10° -4.24606x10° -1.63114x10°
Subrange 3 Agz 8.41030x10° -1.54105x10 -8.05881x10°
Ags -1.78294x10P 2.65234x10° 0
Ags 1.62720x10° -7.17817x10" 0
As 1.26290x10° 9.61622x10
As -2.62539x10" -1.95292x10°
Subrange 4 Auz 2.32229x10P -1.27628x10
Ayq -1.07172x10° 0
Ays 2.11043x10" 0

7.2 Type 3 non-uniqueness

Conventionally described simply as non-uniquenggpe 3 non-uniqueness arises from the differencetbe
interpolatedV; values due to the use of different SPRTs oveséime subrange. It has the form of (7.1) in that it
exhibits zeros at all of the fixed points, but g§éV) function is unknown. It is known that the non-quéness is
made worse in the subranges where the fixed-p@nsigvity coefficients amplify uncertainties (Wéiend
Saunders 2007). There have been several investigatif non-uniqueness at temperatures between addk
273 K, e.g. Ward and Compton (1979), Headl. (1997), and Hill and Steele (2003). Figure 7.8vehthe non-
uniqueness for the temperature range between 1dR&8.16 K based on the data from Hill and Ste2088).

As with subrange inconsistency, Type 3 non-unigesrseales approximately A%V in the intervals between
adjacent fixed points.
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Figure 7.3: The non-uniqueness of ITS-90 between 24 K and1®7@rom the data of Hill and Steele (2003)).
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Figure 7.4: The measured uncertainty due to Type 3 non-unicgeinethe range 24.5561 K to 273.16 K and the fanat
approximation of Table 7.2.

Table 7.2:Uncertainty due to Type 3 non-uniqueness for vratisrin the range 24K to 273.16 K.

Temperature range / K Uncertainty / mK
24.5561 to 54.3584 1.5x10" [ - 24.5561)(54.3584T 3
54.3584 to 83.8058 1.1x10° T - 54.3584)" (83.8058T °J°
83.8058 to 234.3156 2.2x10" T - 83.8058)° (234.3156T °¥F
234.3156 to 273.16 1.1x10° T - 234.3156) (273.16T

Figure 7.4 shows the standard deviations versupeeature for the data of Figure 7.3 as well astians
fitted to the measured standard deviations. Thetioins are given in Table 7.2.

In the temperature range between 0 °C and 96B€€ ts limited data on Type 3 non-uniqueness Isecau
of the problems with oxidation and drift of SPRMwost data is based on calibrations at redundaetfpoints,
e.g. Ancsin and Murdock (1990), Strouse (1992bjukawa and Strouse (2001), Ancsin (2004, 2006)ckvhi
are summarised in Figure 7.5. In all cases, themaiaties given in Figure 7.5 include uncertamfigopagated
from the calibrating fixed points, oxidation effgctresistance measurements, and non-uniformityhef t
comparison media. Thus, the lower values at angt@we likely to be a better estimate of the cbuiion of the
non-uniqueness.

The paucity of data makes the development of aratsan for the uncertainty due to non-unigueness
problematic. Fellmutret al. (2005a) applied a constant value of 0.6 mK to regme the uncertainty for this
temperature range; however, that neglects the ledye that the uncertainty should be zero at tredfpoints.
Figure 7.5 shows an improved approximation baseduawratic functions that pass near the lowesttpa@amnthe
interpolation intervals. The equations for the @srare given in Table 7.3.

Table 7.3: Approximate expressions for uncertainty due to Typ®n-uniqueness above 0 °C.

Temperature range Uncertainty / mK

0.01°C to 231.928 °C 1.5x10°t (231.928t
231.928 °C to 419.527 °C 3x10° (419.527t Y- 231.92
419.527 °C to 660.323 °C 3x107° (660.323t Y- 419.52
660.323 °C to0 961.78 °C 4x10° (961.78t Y(— 660.32:
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Figure 7.5: Summary of available data on Type 3 non-uniquea&BES-90 above 0 °C. The data of Mangum and Mehar
are from Hill and Woods (1992). The solid line sisa¥ve curves given by the polynomials of Table 7.3.
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8. Resistance Measurement

Resistance measurements in platinum thermometrysrally made using automatic low-frequency ressa
bridges. There are two basic types in common uae Wil be discussed here: ac bridges using a sidas
sensing current in the frequency range 10 Hz tbéi80and the so-called dc bridges, which use a legtfency
square-wave (ac) sensing current in the range Wz201o 1 Hz. The bridges used for SPRT resistance
measurements typically have a resolution of sixit®e digits and a specified uncertainty in resistaratio of
between 2x 10°® and 5x 10°°, corresponding to equivalent uncertainties in tempge measurements ranging
from about 5uK to 2 mK, depending on the operating conditionke Dridges all employ a 4-terminal, or 4-
terminal-coaxial, or guarded 4-terminal definitiohresistance (Kibble and Rayner 1984) to redueecfifect of
lead resistances and stray impedances. The majarces of uncertainty associated with the resigtanc
measurements include the reference resistor valdeita stability, and self-heating of the SPRT daethe
sensing current. There are additional minor effextsociated with the connecting cables and theteesie
bridge itself.

8.1 Reference Resistor

Resistance Value and Temperature Coefficient
The two main contributions to the uncertainty ie tralue of the standard resistance can be evalusied a
simple model for the temperature dependence afesistance:

Rs(toan) = Rt 1+ Bt st ] - (8.1)

wheret,. is the temperature of the oil or air bath usedh&intain the resistor during udg, is the temperature
of the bath used to maintain the resistor whenas walibrated, ang is the temperature coefficient of the
resistor. The temperature coefficient is normakgressed as the fractional change per degree; i.e.,

ﬁ=éz—%, 8.2)

with typical values for good-quality resistors viitlihe range +5% 10° /°C.
If the resistor is not maintained at its calibmatiemperature, then a correction can be applied) 8.1).
The cumulative uncertainty in the resistance value to these terms is (fg#(t,,, —t ) <<1)

U (R)) = U(Ry o) + RE[ BUNt o + (t it JUAB) ], (8.3)

whereu(Rs,) is the calibration uncertainty as supplied by ébectrical calibration laboratory(tyay) is the
uncertainty arising from fluctuations in the resisbath temperature, and(f)is the uncertainty in the
temperature coefficient of the resistor. Where the and t.,; are nominally equal, the uncertainty in the
temperature coefficient can usually be ignored.

Ac-dc differences

The calibration value for the standard resisRfi..), is nearly always the dc value. If the resistota be used
with an ac resistance bridge, standard resistotts avlow ac-dc difference should be used (Wilking &wan
1970) to minimise the additional uncertainty. Feeguencies below 100 Hz, the dominant cause ofcac-d
difference is the interaction of thermoelectric eet6 and the sensing current, which occurs with dc
measurements only. There may be, additionally,rdmrttons from stray inductance and capacitancelediric
absorption, and eddy current effects. Some stangsigtors exhibit relative ac-dc differences agdaas 10.
With resistors of the Wilkins’ design, the relativecertainty due to ac-dc differencgRs ac.q), is below 107,

Power coefficient

In bridges based on dc current comparators (seex@ample McMartin and Kusters 1966), the currentujh
the standard resistor changes with bridge readihig causes variable power dissipation in the stethdesistor
and an error with a cubic dependence on the medsesestance ratio:

AX,, _AR_ _|§RS[E] {ia_RSj = SRS)({ia;RS], (8.4)
R Rs) (Rs 0P Rs 0P
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whereP is the power dissipated in the standard resistod, the term involving the derivative is the power
coefficient. Electrical calibrations of standardistors are normally carried out at a specified growhe power
coefficient is the product of the temperature dogfht and the thermal resistance between thetoesisndings
and the environment, so good quality standard tagsisare generally large bulky devices. The Wilkitype
resistors (Wilkins and Swan 197Bave a power coefficient of less tha 40°%/W. The error is typically no
more than a few microkelvin, but can be more th@@ [IK if a purpose-built standard resistor is not udéd.
sufficient time is allowed for the resistor to stale after current changes (tens of minutes), dffect is
compensated by the self-heating correction folISRRT.

Pressure coefficient

Some standard resistors, notably Thomas-tyge résistors, exhibit sensitivity to pressure. Thiedt arise
from strain on the wire due to mechanical changesed by pressure on air-filled cavities or othesceptible
components in the resistors. For the Thomas-typéstoes the effect is in the range 0.2 to 2.5 ppen p
atmosphere. For typical daily variations in atmasphpressure, the effects can be at the levelfefaenths of

a ppm, and will influence high-resolution measureteeMore significant are the changes in immerslepths

in oil baths and changes in altitude, which canseaohanges as large as 0.5 ppm. The pressure &ffect
generally linear and modelled as (Karlsson andd2d4995/96)):

Ri(P) = Ry(Pe) [1+ (P~ P » (8.5)

whereyis the pressure coefficient, apg, is the calibration pressure.
The total uncertainty in the standard resistaradee is

ut2c>taI(RS) = uz(Rs,ca) + RZSI:BZU 2(t bat) + (t bath_t c)alzu 2(18):| +u 2(R S,ac)ié- u 2(R S,po)vé'r- u 2(R p%,'
(8.6)

The propagation of the various terms in (8.6) delsern the how the resistance-measurement reseltssad.
Section 8.4 collates the various resistance meammes terms and describes the propagation of these
uncertainties in detail. Witt (1998) gives a goodhsnary of the limitations of standard resistors avethods for
assessing their performance.

8.2 Connecting cables and lead resistances
Figure 8.1 shows a simplified equivalent circuit fbe measurement of a 4-terminal resistance. Tioeit
includes the finite shunt resistance of the coringatables. The model can also be used to chaisetie input
and output impedances of the bridge, hence thewallg nomenclatureR,, is the resistance shunting the
current sourcdy, andR,, is the resistance shunting the voltage measuremgnThe equivalent circuit also
includes the lead resistand®sin each of the four leads to the measured resistan

Analysis of Figure 8.1 shows that the error in theasured resistance rati, (the bridge reading in
resistance ratio) is well approximated by

(Ve en)e(ROY R _(ROVR _ oz Ry R
Axm_%[lo R(t)j [Rs] Res [stReﬁ X0 R X0 Reff, &)
where
_ RuRa
R Ru + R,

Figure 8.1 The equivalent circuit for a 4-terminal resistamseasurement.
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Thus, the finite resistanceR,,; andR, give rise to an error proportional to the squafr¢he resistance ratio.
With care, cable shunt resistances can normallynamtained at greater than’i@, ensuring the coefficient
Ry/Res is well below 10%. With poor or very long cables, the coefficienndae as large as 10r more. In
particular, significant effects can be observedriscreened cables immersed in oil (the standaistaedath),
and with some coloured PVC cables. With ac bridgésgectric loss in the cables gives rise to a lsimérror
that increases as the square of the resistancdesasibed by (8.7), and increases linearly withgdency.
Dielectric loss can be a major problem in low terapgre measurements where many meters of leadsvirged
for thermal anchoring. Operating an ac bridgeoat frequencies or using a dc bridge can signifigargduce
the effects. The effects of lead resistances awallysnegligible in comparison to the effects o tlinite cable
shunt resistance sind® < R;in most resistance measurements.

In ac bridges, the measurements can also be edfdny the stray capacitance and inductance of the
connecting cables. Any capacitance in parallel viR{) (Figure 8.1) causes the impedance ‘seen’ by the
resistance bridge to be

_ R(t) __ JwR(M)C
Z0=17 WR()’C® 1+w’R()’C?’

(8.8)

where w=277f is the angular frequencg, is the cable capacitance (about 100 pF/m for ebaxid twisted pair

cable), and | =\/—_1represents a 90° phase shift. The real part of (8.8&he resistance seen by an ideal ac

thermometry bridge; the imaginary part contributeshe quadrature component of the bridge signaichv
must be balanced or rejected by the bridge. THeparé of (8.8) contributes a resistance ratio ewith a cubic
dependence on the measured resistance ratio:

_ Re(Z(t))—R(t) 2 2[R(t)]3_ 20 2 3
AX(t)=——"7 "= —¢?C —2 | =W TR (1) 8.9
® R R wCRIX(t) (8.9)

For a bridge with a 100 standard resistor operating at 100 Hz, and measam SPRT with relatively short
coaxial leads (a pair of 3 m cabl&= 600 pF), the coefficient of(t)* is about 10° (about 1uK for a 25Q
SPRT), so the effect is usually negligible. Howeusecause of the quadratic dependence on capagitanc
measurement systems with multiplexers and longsletite capacitance may overload the quadraturewala
capability of the bridge or lead to relative errrsesistance ratio as large as“i@any millikelvin).

AC bridges used at low temperatures may also bectafl by the self-inductance of the long high-
resistance lead wires required to prevent unwatitedmal conduction in cryogenic systems. In prifegighe
measured resistance is independent of the industémdike the case for capacitance). However, #rgel
guadrature signal can overload the bridge leadirextessive noise.

For dc resistance bridges the effect of stray ci#gace is complicated by the many harmonics in the
‘square-wave’ sensing current, but normally beltw limit of detection. Where detectable, it is appa with
changes in the current-reversal times and settilings (Zhang and Berry 1985).

In systems with short leads, most cable effeatsheatreated as fault conditions and reduced ttigilelg
levels with care, and hence the application of exiions and consideration of the uncertainties tueable
effects is not usually necessary.

8.3 The resistance bridge

Some of the sources of error within thermometryddes and bridge calibration methods are summaiized
White (2003b). Rudtsckt al. (2005), Strouse and Hill (2003), and White (1988 additional information on
typical performance of some resistance bridges. Stheces of error in bridges include noise, largales or
‘integral’ non-linearities, and short-range or fdifential’ non-linearities.

The resolution of a bridge is determined by a cotiion of the thermal noise generated in all tasises
and amplifiers, and quantisation error due to theversion of the signal to a digital reading. Thealution is
readily measured as the standard deviatigi,.is), when measuring a single stable resistance, andbe
reduced by decreasing the operating bandwidthebtidge or, equivalently, increasing the measurgrtime
or averaging results. In high-quality bridges, dtmd deviations in resistance ratio below®13-10 pK) are
readily obtainable.

Additional noise in the resistance measurement amizg from electromagnetic interference (EMI)tHa
high-temperature fixed points, electrical noise ged from ac power supplies and controllers carothice
noise at the level of a millikelvin (many times héy than the thermal noise in the bridge). A secamdce of
EMI is electric motors close to the measurememiidir These include stirrer motors for calibratamd standard
resistor baths. A more insidious source of noisetier ac resistance bridges operating nearby erséime
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carrier frequency. In a bridge with resolution lied by thermal noise, the standard deviation ofsuesanents
will change as the square root of the bandwidtmeasurement time. If EMI due to ac machinery is@néthen
often the standard deviation changes more rapidly.

Large-scale or integral non-linearities (INL) a@h®se that change slowly over a wide range of leridg
readings (see Figure 8.2). These effects tend t@wawsed by finite input and output impedances, powe
coefficients, finite gains, and stray capacitancé gesistance of sub-circuits of the bridge. Thbgrefore, tend
to have correction equations with terms rangindaup quadratic or cubic dependence on bridge rgadinich
like (8.4), (8.7) and (8.9):

AX =A,+AX+A2X2+A3X3, (8.10)

whereAy, A,, ... are coefficients determined during the calilbbratof the bridge. The uncertainty due to INL,
u(XnL), may be the uncertainty in the INL correctiontbe uncertainty due to INL where no correction is
applied.

With many bridges, the INL effects are below thanufacturers’ accuracy specification and, therefore
less significant than many other sources of unteytalNL errors larger than the bridge manufactize
specification are usually indicative of a faultybstircuit within the bridge or poor adjustment. Atitthally,
because ITS-90 is defined in terms of resistantie, ranly the non-linear bridge errors (offsetsadtatic, and
cubic terms) propagate and affect the temperaturasarement. Further, if the same bridge is usedhier
calibration and use of an SPRT, then the SPRTfnotating equations largely correct the INL errofstioe
bridge (see Section C.3). In such cases the INkection and uncertainty can be omitted from theeuiainty
analysis.

Differential non-linearities (DNL) are short-rangerors commonly caused by errors in the transforme
windings or analogue-to-digital converters in tiréddpe. The errors are typically different for evgrgssible
reading and too complex to measure, model and cofsee Figure 8.2). As with integral non-lineasti the
effects tend to be below the manufacturers’ speatifins, but can increase with time and mechamwitahtion
as transformer cores lose magnetic permeability,ADC circuits drift out of adjustment. DNL errors i the
dominant source of uncertainty in resistance measents for high resolution or differential measueets
(e.g., fixed-point comparisons and self-heating sneaments). The magnitude of the resulting unaestaian
be inferred from the standard deviation of residuedr in the calibration curves for bridges.

Bridge Error

Differential non-linearity

Integral non-linearity

— T
Bridge Reading

Figure 8.2: Graphical representation of the non-linearity oésistance bridge including integral non-lineafityL) and
differential non-linearity (DNL). The smooth cursBows the INL only. The jagged curve is the surthefINL and DNL.

Overall the uncertainty in bridge readings camroelelled as

(8.11)

bridge noise) .

uz(X )=u2(X,NL)+u2(XDNL)+u2(X
The relative magnitude of the various componeni8ihl) depends on the bridge architecture. Ingasdusing
voltage or current dividers the DNL errors oftenrdioate and are similar for every reading. The noésen
tends to be smaller but varies with the sensingectir(White 2003). Experience suggests that foridgk in
good working order (about 1 in 6 bridges are neg ¥hite (1996)) the uncertainties in the INL andLDare
similar in magnitude and less than half the martufac’s specified accuracy. In bridges, or resistameters
using integrating or sigma-delta analogue-to-digitmverters, the DNL errors are usually insigrifit and INL
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errors dominate. The values for the various unoestaerms may depend on the bridge operating ¢mmd so
the bridge should be calibrated and the uncer&sr@issessed under the conditions in which itlietosed.

In the propagation of the various terms of (8.iL$hould be kept in mind that the INL errors dre same
over a wide range of readings, the DNL errors arelom for different readings but the same over tiamel
noise effects are purely random.

8.4 Self-heating

The measurement of resistance necessarily invglassing a current through the resistor and, thexefeeating
of the resistor. For the small temperature changgisal of thermometry, the effect generally ob&gmurier’s
law: the temperature rise is directly proportiottathe power dissipated. For new or unusual measemes, in
the low-temperature regime, or where convection megur, Fourier's’ law should be confirmed. A simpl
model (Batagelgt al., 2003) shows the temperature of the sensor is

T() =T =0)+1°R@E)(,, +r..), (8.12)
wherel is the rms sensing curreiR(t) is the resistance of the SPRT, apdandr,, are the internal and external
components, respectively, of the thermal resistdatereen the SPRT and its surroundings. The twortdle
resistances are strongly dependent on the corisinuot the SPRT, particularly the length, diameded the
geometry of the sensor winding, and the fill gasdufor the thermometer. For a @5SPRT at the triple point of
water the temperature rise is in the range 0.3 ¥/ 7 mK/mA.

While the internal component of the thermal resise is a constant at a given temperature, thenakte
component is dependent on the SPRT surroundingsex@ample, this leads to about a 0.1 mK variatioself
heating in a water-triple-point measurement dughéovariation in the thickness of the water filmrsunding
the thermometer well, and several tenths of milikevariation between cells. Similarly, the forcednvection,
heat capacity and viscosity of the fluid influertbe self-heating in a stirred calibration bath ¢Rgj et al.,
2003).

For the highest accuracy measurements, correctioosld be applied by measuring at two currehts,
andl,, and extrapolating to zero current. In order tkenthe correction by this method it is necessarytte
measured temperature to be stable. Because ofrtéié temperature changes and the linearity of tARRE the
correction can be done in terms of the SPRT resist&(1), or bridge reading (resistance ratisjl):

X(0)= X (1)+8X, = X( o—%(xa )= X(1)
, , (8.13)
=2 x()-— Xy,

2 2 2 2
|2 Il |2 Il

Note that we have defined the self-heating comediiXy, to be that applied to tHe reading. Differentiation of
this equation leads to the propagation-of-erroratign

dX(0)=|2I—_§|de(I1)—LdX ()= 21, )llf(X(IZ)_ X(Il))](%—%]- (8.14)

2_ 2 2_2 2_2
2 -1y (Iz I (Iz |1) 1, l

This equation has two pairs of terms, one pairtlier errors in bridge ratios, and one pair for thers in the
sensing currents. We will consider these separately

Uncertainty in sensing currents

There are three observations that can be drawn (8id). Firstly, the error due to the sensing-entrerror is
proportional to the self-heating correction (themein square brackets). Secondly, there is no errcthe
measured zero-current bridge reading if the redagirors in the currents are the same; i.efljf/1, =Al,/1,,

so that the current ratio is correct. Finally, thkative uncertainty in the self-heating correctisapproximately

u(Xa) 24212 (uq)
- : . (8.15)
ie

AX,, (|2—|2 '

2 1
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For 1, =«/§I1, and 1% uncertainties in the sensing currents,ptiopagated uncertainty in the self-heating

correction is 5.6% of the correction (about 80 uncertainty for a SPRT with 1.4 mK self heatirtg . The
uncertainties in the sensing-current ratios typjcaary between about 0.1% and 1%, but can be @ las
several percent for some current ratios. Oftenlt@ current ratios are the most accurate. In measm=m
requiring high resolution, such as fixed-point camigons, it is essential to measure and confirmctimeent
ratios.

For measurements of SPRT resistance refjdhere is a small reduction in uncertainty if #aene bridge
and the same sensing currents are used for theesigiance measurements:

8 4 2
o)< X 7 (“ £ ’] (% W, o 816)
2 1

Where a single bridge and the same sensing cureestsused for all resistance measurements, the SPRT
interpolation process interpolates between thergirothe self-heating corrections, further redgdine effect of
the sensing current mismatch (see (C.28) and acaoyimg discussion):

> v 8l (ul) 1 R ’
Ugh (\N)_(|22—|12)2[|2]Xl—2|20 [Axsh ;fi (\N)Axshlj : (8.17)

Propagated uncertainty in bridge readings
The propagation of error equation for the zero-@ntrbridge reading, including terms due to thedwidrrors is,
from (8.14),

12 17
dX (O) = |2——2|2 (dXINL + dxl,DNL + dxl,noise) _ﬁ(dx wt dX 2on T dx 2,noise) : (8-18)
21 2

Note that the INL error is the same for the twadiegs, because the two readings are very closde wie DNL

error and noise contributions are assumed to bependent. Thus, the sensitivity coefficient for IN& errors
is 1, while the sensitivity coefficients for thehet terms are functions of the sensing currents:

4,14
+
(|2 Il) 2
2
2

u (XDNL )++ lg uz(xl,noise) + |14 uz(xz,noise) . (819)

2 2_ 2 2_ 2
(l —|12) ;=1 P

u?(X(0)) =u?(X, )+

Note too that the self-heating correction involes$rapolation to zero current, and with extrapolatithere is
usually an amplification of uncorrelated uncertaiat In this case, the amplifying factor for thecerainties is

(12+12)” /(12-12).

Total uncertainty in resistance measurements

In principle, the extrapolation to zero current.{® and (8.18)) should be carried out in termthefmeasured
resistance rather than bridge reading, and ermorsach resistance measurement propagated accdualing
dR=RdX + XdR; (i.e., (8.18) should be in terms of resistance amdude the errors due to the standard
resistor). However, with the exception of the bathbility term of (8.3), all of the terms arisingpin the
standard resistor are the same for each bridgengeatd combine in the same way as the INL erromgeof
(8.19). Hence the total uncertainty in a measum-zurrent resistance due to the standard resistimge
effects, and the match of the sensing currents is
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uz(Rneas) = XZ(UZ(RS,CB) + Rzit bath_t CLZU z(ﬂ)-'-u 2(R S,acli(;i-u Z(R S,po)/e-ir-u 2(R pQ+MR ys% EI E(t )a

(17-17)

2 1
4 u?(1,)  u?(l
I2 ( l)+ ( 2) . (82(
2 2 2 I 2 I 2
(l2 ol By ) 1 2
When calculating a resistance ratio from two stegistance measurements made with the same standard

resistor, all but the bath stability term assodatéth the standard resistor cancel (see equati®s)). The
resulting uncertainty in a measured resistance igti
+1 4)

4

(Iz 1
2 _12\2
2

+(| -1

NERUSRE )
Xﬁzo (|22—|12)2 |2

+ RSZUZ(XINL) +i)2[(|24+ |14)u 2(XDNL) +1 2ZLI 2(X1 noise) +1 IU 2(X 2noisl:|
[2-]2 ' '

+ARZAX G,

(X Zﬂzu 2(tbath) +u 2(X DNL) +u 2( X noise))

(8.21)

Note that we have ignored the correlation in the tNL terms (which is likely ifW is close to 1), and assumed
the bridge noise and sensing current uncertaiatiegshe same for all measurements. Equation (&2@gually
dominated by the terms due to the bath instabdlitg bridge DNL and is not correlated, thereforehwgimilar
terms for other resistance ratios; it propagatesraking to (C.14).
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9. Total Uncertainty in SPRT Measurements

The many interpolating equations of the ITS-90 tiye@omplicate the propagation of uncertainty for
temperatures measured using SPRTs. The complisasiose from the variety of subranges, the optmuoge
either single or multiple triple-point-of-water meegements, possibly with different water-triplequocells, and
the options for the use of different resistanceldes or standard resistors for different resistaneasurements.
In principle, each of these possibilities resuttsai different equation for total uncertainty. Thremplexity of
ITS-90 is such thait is generally impractical to obtain correct mathenatical expressions for total
uncertainty without some supporting mathematics.This section covers in detail most of the casesimely
met during calibration and application of SPRTsr leases not covered here, the reader is referred to
Appendix C, which provides the mathematical baclkgrbfor the development of the uncertainty expmssi

The equations for total uncertainty given below detailed, and include and propagate all of the
uncertainty terms identified in previous sectiowile this detail may seem excessive, it is expbthat the
uncertainty analyst will rapidly learn which terwisthe equations are insignificant in the user’plaations and
can be safely neglected.

Some sections below also provide graphs giving erical values for some of the uncertainty
contributions and the total uncertainty. The valirethese graphs are purely indicative, and arergionly to
illustrate the approximate magnitude and tempesatlgpendence of the various contributions. Usees ar
expected to determine uncertainties appropriateeio measurements and use these in the equations.

Although the equations below identify each conttitin to the total uncertainty, it is not essentfadt
distinct values of uncertainty are determined factesource of uncertainty; usually it is sufficiémat all terms
have been identified and considered. In some casgmriments can be designed to assess the cdllecte
contribution of several terms (e.g., Nguyen andli@&al2008). If distinct values are required for leac
contribution, it is also possible to use ANOVA taifues to determine values for the individual terms
contributing to a Type A uncertainty (Filipe 2008).

Appendix A gives values for the range of somehaf tontributions to the uncertainty in fixed-point
measurements. These values are also indicativet dldbe ranges encompass the uncertainties repfnden
recent measurement comparispres well as the expected extremes determined flwmapplication of the
models given in previous sections.

9.1 The fixed-point sensitivity coefficients

Many of the effects discussed in previous sectimfisience the calibration of SPRTs at the fixed np®i
Through the SPRT interpolating equations, thesectffpropagate to temperatures between the fixiedspd he
relationship between the fixed-point errors (orentainties) and errors (or uncertainties) at oteemperatures
are described by the fixed-point sensitivity cozéfints.

The ITS-90 specifies the mathematical relationshigtween measured SPRT resistance and
temperature. This follows a three-step process enimg measured resistance first to resistance,rétien
reference resistance ratio, and finally to tempgeatR & W 2> W, =& Ty The stepV =» W, is the most
complicated since it is an interpolation and isfedént for all of the ITS-90 subranges. Figure Stbws
graphically the interpolation process for two SP&dlibrations over the water—aluminium subrange.eNbe
mapping fromW = W,.

The solid curve of Figure 9.1 passes throughcalt inarked points. For the second curve (dotted), a
small error has been introduced into the measuredmoint value W,,. The new curve passes through the new
zinc point but continues to pass through the otbgginal calibration points. The difference betwaée two
curves is the fixed-point sensitivity coefficiemtr fthe zinc point for this subrange. It shows hawearor in the
zinc-point measurement propagatedMovalues, and hence to temperatures, in betweefixénd points. Such
sensitivity coefficients occur repeatedly in SPRiicertainty analysis. Therefore, to simplify the ivas
mathematical expressions for total uncertainty vile represent the sensitivity coefficients simply functions
of W using a lower cask for examplé,(W); the subscript identifies the fixed point, and gubrange is usually
apparent from the context.

Appendix C provides a detailed explanation of therivation and mathematical properties of the
sensitivity coefficients. This appendix also inagda tutorial introduction to the ITS-90 interpoigtequations
and some methods for reducing uncertainty. Apprax@mexpressions for the sensitivity coefficients &l of
the SPRT subranges are given in Appendix D, aloitly two methods for calculating the functions.

5 For comparisons involving the water triple poirte Stock and Solve (2006), Reneirdl. (2005).

For comparisons involving low temperature fixedmsi(< 0°C) and SPRTs, see Steetal. (2002a), Fellmutfet al. (1999, 2003b), Head
etal. (1997), Paveset al. (1984).

For comparisons involving high-temperature fixethpo(> 0°C) and SPRTSs, see Mangum (2002b), Nubbemeyer atidfi (2002).
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Figure 9.1: The influence of an error in a fixed-point measueaimThe solid line shows an interpolation betwten
measuredV values and th®V, values. The dotted line shows the effect of a karadr in the measured,, value. The
difference in the two curves is thg(W) sensitivity coefficient for the water-aluminiuratgange.

9.2Methods for calculating total uncertainty

Historically, to address the complexity of the 188-equations, there have been a large number fefrelit
approaches for calculating total uncertainty. Themsebe catalogued into four basic methods.

Numerical analysis

This involves repeated numerical solution of theefipolating equations with the measurement resaltged
according to their uncertainties. This was the apph adopted during the development of the ITSh®@ecent
years it has become more accessible with the adfesttftware applications that carry out Monte Gahalysis
(e.g. @RisR) or propagate uncertainty (e.g. MapleThe analyst must follow the exact procedureofolid for
the calculation of the temperature; departures samglifications may inadvertently invoke assumpsiabout
the nature of correlations and may lead to incomesults. The equations given here and in Appefidprovide
a guide.

Direct algebraic application of the SO Guide

This is the conventional algebraic approach andethee a number of published examples includindi Shal
(1998), and Palesr et al. (2000). The approach has the appeal of simpheiples but is suitable for simple
cases only. It quickly becomes cumbersome whenieppgb complex subranges, and when the effects of
correlations between water-triple-point terms acduided.

Mixed Numerical and algebraic approaches

It is often convenient to use numerical analysidetermine the fixed-point sensitivity coefficiengmd then use
algebra to guide the calculation of total uncettaiMeyer and Ripple (2006) give an example treptix
different cases combining variations in the treatimaf the SPRT and the instruments used. Againg ¢ar
required to follow the exact procedure used fordhleulation of the temperature in order to avoites.

Application of the |SO guide via interpolation theory

An alternative algebraic approach to uncertaintgiysis involves rewriting the SPRT interpolatioruations in
terms of a set of interpolating functions, whicle aiso the fixed-point sensitivity coefficients (i¢hand
Saunders (2000, 2007), and White (2001)). With mbadfort, the approach rapidly becomes intuitivel a
greatly simplifies the equations for total uncertgi This was the approach used in the developroéihe
equations given below. Appendix C and White andn8ats (2007) provide the mathematical background.

9.3 Uncertainty in SPRT resistance at the triple poiot water (reported value)

The main purpose of the triple-point-resistancei@akported on a calibration certificate is to é@alsers of the
SPRT to assess the stability of the SPRT and detefr changes that may have occurred through sigppr

to detect damage that may have occurred during ksethis purpose, it is best if the SPRT is inritest

reproducible state.
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Assumption:

. The SPRT is well annealed and heat-treated sattisagtrain-, vacancy-, and oxide-free. The vadfithe
triple-point resistance in this state may be déferfrom that used for the calculation of resistaratios
or temperature.

There are three steps to calculating the triplevpa@isistance.

Sep 1. correct the measured bridge ratio for the bridiye kerrors (Sec. 8.3) and the self-heating effect
(Sec. 8.4):

Koo (1) = X ead D) +AX ( +AX . (9.2)
Sep 2: multiply the corrected bridge reading by the vadfighe standard resistor (Sec. 8.1):
Ruead) = Rt [1+ Bt part J[X mell) +AX (i OX ] 9.2)
Sep 3: apply the various corrections for errors in thalisation of the water triple point:

d

RHZO, report: Rmeagt) +R HZ% (At hyt-ji- Atp +At FAL FAL G A

imp liq iso

FAU ). (9.3)

ther

Note that there are no corrections for SPRT effémtgdation, strain, vacancies, contamination, arslilation
leakage) because the SPRT is assumed to be iro#tswell defined state. Uncertainties associatetl tiese
effects characterise departures from this statenine SPRT is later used to measure a temperature.

The total uncertainty in the zero-current watepléripoint resistance, determined using sensingeotsrofl; and
l,, is

U?(Rypo) = (RHZO dv;/?zo j [uz(m hya) + Uz(Atp) +u®(At mp) T U (At i) TU (Ot ) +Uu(At ) +u (At dy)]
+ X0 (UP(R ) + R o=t d?UP(B) +UAR 5o dt UAR gpodit U R L))+ RUJAX ),

+i)z[(|;‘+I;‘)(uZ(AxDNmx2ﬂ2u2(tbam>)+lMxlmis;ﬂ X 4]

2_ 2
(Iz I
|4

BRIAX 2 —2 m]
+ % S (Izz_llz)z( |2

where the first line follows from (9.3), and thenaning lines follow from (8.20).

(9.4)

9.4 Uncertainty in SPRT resistance ratio at fixed pdsn
In general, when measuring the resistance at thiergaindium, tin, or zinc points, it is not pob& to keep the
SPRT in an oxide-free state (Section 6.1).

Assumptions:

. For fixed-point measurements other than the watpletpoint, the SPRT was initially well annealed.
During exposure at the fixed-point temperature, $fRRT’s oxidation state may have changed, and at
higher temperatures, the vacancy concentratioméeas allowed to come to equilibrium.

. For water-triple-point measurements, the SPRT ithéxrsame oxidation state as for the corresponding
fixed-point measurement.

. For temperatures above room temperature and be3®®QGl the SPRT is cooled relatively quickly (<10
minutes) to room temperature to prevent furthedation.

. If used at temperatures above 450 °C, the SPRaoled sufficiently slowly (hours) to 45T to restore

the low-temperature vacancy concentration, and ttealed relatively quickly (<10 minutes) to room
temperature to prevent oxidation.
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. The same standard resistor and resistance bridgeised for both measurements, and the standard
resistor is at the same nominal temperature fdn begistance measurements.

The steps followed are as for Section 9.3 excegt e SPRT may be in a different oxidation sté&téects
expected to cancel in the resistance ratio (acogridi the assumptions) are omitted.

The total uncertainty in the fixed-point resistanato is
1
UEW) = ——(UP(R) *WAUR 10) + (L= Z) W L HRiz0,0) (9.5)
RHZO
where the index corresponds to the fixed points other than watfR,0 0y iS the uncertainty in the SPRT-

triple-point resistance due to variations in itsdation state (from Equation (6.4), applies to @&,Sn, and Zn
points only), and

u*(R) = (R ‘L—V:/j [UP(Dtyg,) +UP(AL, ;) +UP(AL, ) +UP(Dt g, ) +U (Bt ) +U DL ) +u DL ) |
+ R (DX ) +L2[(|; 1) (WP o) + X 2B tya)) 1 (X L ied # 1 B AX 0]
(12-17) (9.6)
+8RIAX L(Ui(z')J

shi f o 12)2
(17-19)

is the uncertainty in the SPRT resistance valuedmh fixed point. The value ofR; 1.0) is also given by (9.6)
with values appropriate for the triple point of efa = 1).

9.5 An approximate expression for total uncertainty interpolated resistance ratio, W

Once the uncertainties in the resistance ratiog lh@en calculated, it might seem that the nextlgitep is to
combine the uncertainties in the fixed-point-resise ratios to obtain the uncertainty in interpedateference
resistance ratio. However, as shown in Appendixlifgctly combining the uncertainties in the resis&ratios
u(W) neglects correlations due to shared triple-pmaststance values or a common triple-point-of-watsll,
and usually leads to a slight overestimate of theettainty for soméV values. Nevertheless, so long as the
uncertainties associated with the triple point oftev are small, the approximation is very good. The
approximation is especially convenient whereuf\&) values are reported on calibration certificates.

Assumptions:
. The uncertainties due to the water triple pointregligible, i.e.u’(R) >>W?U?*(R,,,) in (9.5).
. The uncertainties due to resistance measurementeegtigible.

The uncertainty in the interpolated reference tasis ratio is approximately
N
u’ (W) = u* (W) + > f2W)uW), 9.7)
i=2

whereu(W) is the uncertainty in the resistance ratio fa& timknown temperature(\W,) are the uncertainties in
the fixed-point resistance ratios from (9.5), ahd fi(W) functions are the fixed-point sensitivity coeitints
described in Appendix C and given in Appendix D.

The u(W) term of (9.7) accounts for the uncertaintiesiagsrom the use of the SPRT to measure an
unknown temperature. It must include any unceii@sniassociated with changes of SPRT state, such as
oxidation, vacancy, and contamination effects, @diton to others associated with the measuremént o
resistance, the triple-point measurement, andhiiertal conditions defining the unknown temperature.

Figures 9.2 and 9.3 compare the uncertainty catedl according to this approximation with the exact
expressions given later in Sections 9.6 to 9.1@& dddculations assume an uncertainty in the remisaf the
water triple point of 0.1 mK, and an uncertainty time resistance measurements gi¢s Note that the
uncertainty values given in all figures in thistsat are indicative only; actual values may be tgear smaller
depending on practice.
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Figures 9.2 and 9.3 show that the approximatioreig good at low temperatures, especially belowK84
(9.7) where th&V values that weight the water-triple-point uncentigis are small (see (9.5)). The approximation
is also good for cases where the SPRT is useddeutle calibration laboratory where the user dagshave
access to the same triple-point-of-water cell @ract ‘for client’ curves of Figures 9.2 and 9.3)Where the
SPRT is used ‘in-house’ so the user has acceseteame triple-point-of-water cell, it may be betteuse the

exact ‘in-house’ expressions calculated in theisestbelow.

Approximation (9.7)
Exact 'in-house' (9.9)
Exact 'for client' (9.11)

Fixed points
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Figure 9.2: The propagated calibration uncertainty for the r@ater subrange, according to the different equoatidhe

fixed-point uncertainties, as shown by the markeitts, are indicative only. It is assumed th@d/), the uncertainty in th@/

value in use, is zero.
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Figure 9.3: The propagated calibration uncertainty for the watklver subrange, according to the different et The

uncertainties for the fixed points, as shown byrttegked points, are indicative only. It is assurttedu(W), the uncertainty

in theW value in use, is zero.
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9.6 Total uncertainty in measured temperature
Once the uncertainty in the interpolated resistamt® is calculated, the total uncertainty in timeasured
temperature is then given by

=[5 | [0 ruwg) +uew, )], ©8)

where u(AWsg) and u(AWyy) are the uncertainties due to Type 1 (subrangenisistency) and Type 3 non-
uniqueness, as described in Section 7. The exaroplgsctions 9.7 and 9.8 below indicate the totedeutainty
including these terms. Note that some of the exiwas for the non-uniqueness in Section 7 giveutieertainty
in temperature, so already include tiédW factor.

9.7 Total uncertainty for capsule SPRTs used ‘in-house’

This example illustrates a measurement achievhrg lbwest practical calibration uncertainty for
temperatures below 0 °C.

Capsule SPRTs are generally used only below 0TR{. means that the SPRT triple-point resistance is
extremely stable and it is possible to use a simgleer-triple-point resistance value for all caétidns. This
example treats this case. It is typical where thlébrated SPRT is used ‘in-house’ by the calibgimboratory
with the same value of triple-point resistance, waith the same resistance bridge and standardoesis used
for calibration of the SPRT.

Assumptions:

. Uncertainty due to SPRT oxidation (Section 6.126g0.

. Uncertainty due to SPRT vacancy and contaminafifacts (Section 6.2) is zero.

. The same resistance bridge and standard resigtarsed for all measurements so that effects otlatan

resistor value (Section 8.1), cable effects, stehdasistor power dissipation (Section 8.1), bridiyé
error (Section 8.3), and sensing-current ratiorsrcan all be neglected.

. The same water-triple-point resistance is use@laralculations of resistance ratio.

. The uncertainties contributing to non-repeatabilify measurements, i.e., resistance bath instapility
bridge noise, and differential non-linearity, alleuacorrelated.

. The measurement at the unknown temperature isateddor self-heating, and the uncertainty duéhto t

sensing-current-ratio is negligible (8.15).

The total uncertainty in the interpolatéd values is, from (C.22),

W) == [uZ(R)+Zu2(R)fi Z(W)j, (©.9)

20

whereu(R) collects all of the uncertainty terms associatéti each of the calibrating fixed points includitige
triple point of wateri(= 1):

UZ(R) = (R %j [uz(Athyd,i )+ UZ(Atp,i )+u Z(Atimpj ) +u*(At ligi ) +u (At o) HU Ant thei,) TU ot dyri):|
(9.10)

+%[(|;‘+lf)(uZ(xDNL>+x2ﬁ2u2(tbam>)+ DK+ 3K 0]
12-172
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Figure 9.4: The contributions to the total calibration uncierafor a 25Q capsule SPRT used ‘in-house’. The calculated
value includes the effects of non-uniqueness, il fpoint uncertainties are as indicated, the tagy in the resistance
measurements is|2, and the in-use uncertaintyR) is assumed to be zero.

The uncertaintyu(R) in (9.9) collects all of the terms associatedhwihe measurement at the unknown
temperature. This will include the resistance messent terms of (9.10), terms associated with #adigation
of the temperature, and terms characterising teenthl connection between the SPRT and the temperafu
interest. The total uncertainty in a measured teaipee is obtained using (9.8).

A numerical example of (9.9) for total uncertairgyopagated from the fixed-point measurements is
shown in Figure 9.4. This figure plots an examgdi¢he total propagated calibration uncertaintyJudang non-
uniqueness, for this case. For the purpose ofidathie figure u(R) is set to zero.

9.8 Total uncertainty for capsule SPRTs used outside talibration laboratory

This example is similar to the example above exthat the calibrated SPRT is used by a ‘clientmake
measurements using a different water-triple-poatt @nd a different resistance bridge. The consecgi®f this
change is that the uncertainties associated wighwihter-triple-point measurements propagate acogrib
(C.23) instead of (C.22). In most applicationg pnocedure of Section 9.5 provides a very goodaqipation
to this procedure (see Figure 9.2).

Assumptions:

. Uncertainty due to SPRT oxidation (Section 6.126g0.

. Uncertainty due to SPRT vacancy and contaminafifacts (Section 6.2) is zero.

. The client and calibration laboratory use differgigle-point-of-water cells and resistance bridges

. The same resistance bridge and standard resistoused for all measurements in the calibration
laboratory.

. The same resistance bridge and standard resistaisad by the user of the SPRT for all measurenaoénts
R andRy0.

. The uncertainties contributing to non-repeatabiliy measurements, i.e., resistance bath instapility
bridge noise and differential non-linearity arewaicorrelated.

. The sensing-current ratio errors can be negleciedl self-heating corrections.

. The measurement at the unknown temperature isatedd¢or self-heating, and the uncertainty duehto t

sensing-current-ratio is negligible (8.15).

The total uncertainty in the interpolatéd values is

1
utzolal (Wr) = R: I:UZ(R) +W2U 2(R—izo,cliem) + Ré,clienlJ Z(X INL,cIien)

= ) (9.11)
R 1" (X ca) +0° (R (W= W)+ D 07(R) fﬁ(vw}
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whereu(R) andu(Ry20 ca) Collect the fixed-point uncertainty terms for tteibration laboratory:

UZ(R) = (R %J [uz(Athyd,i )+ UZ(Atp,i )+ uz(Atimpj ) +u*(At ligi ) +u (At o) TU Ant thei,) TU ot dyri):|

. (9.12)

+L)2[(|;‘+lf)(uZ(xDNL>+x2ﬁ2u2(tbam>)+ Xy d #1BX 0]
17

=

The uncertaintyu(Ryzo ciieny iS the same as (9.12) except that all of the seame evaluated for the client’s
measurement. The uncertaint{R) in (9.11) collects all of the terms associatethwie client's measurement at
the unknown temperature. This includes the resistaneasurement terms of (9.12), terms associatddthe
realisation of the temperature, and terms chaiaaigrthe thermal connection between the SPRT &ed t
temperature of interest. The total uncertainty irmaasured temperature is obtained using (9.8).r&igud
includes a curve showing the total calibration utaiety propagated for this case.

9.9 Total uncertainty for long-stem SPRTs used ‘in-hsel

This example applies to long-stem SPRTs used aBd@® and gives an indication of the least uncetyai
obtainable in these subranges. In this case, oaida&ffects must be considered, and this meansntiodtiple
triple-point-resistance measurements must be niueuncertainty is minimised by using the samdermint

of water cell.In most applications, the procedure of Section @&vides a very good approximation to this
procedure (see Figure 9.3).

Assumptions:

. Uncertainty due to SPRT oxidation (Section 6.1ndé zero. The oxidation effects are minimised by
measuring the water-triple-point resistance imntetijaafter measurements at higher temperatures Eac
of the contributing uncertainties due to oxidatise assumed to be uncorrelated.

. Uncertainty due to SPRT vacancy, contamination, aelettrical leakage effects (Section 6) during
calibration is zero.

. The same resistance bridge and standard resistaisad for all measurements.

. The same triple-point-of-water cell is used forratasurements.

. The uncertainties contributing to non-repeatabiliy measurements, i.e., resistance bath instapility
bridge noise, and differential non-linearity areuadcorrelated.

. The sensing-current-ratio errors can be neglected self-heating corrections.

. The measurement at the unknown temperature isateddor self-heating (so (8.17) applies).

This equation is complicated because the unceigaiassociated with the realisation of the tripdenpof water
propagate according to (C.22), while the measurésnefithe SPRT resistance at the triple point ofewa
propagate according to (C.23). The total uncengdimthe interpolatedV; values is

utzotal (Wr) = R; |:U2(R) +W2U 2(F%neas) + (1_ Z)2W 2U Z(RHZO,O)

20

N N N (9.13)
U R) TP W) +U" (R D (14W?) £2W) + 3 (1-2 ) W "W R, )} .

where the first line collates uncertainties arisirggn the use of the SPRT at the unknown tempezahaiuding
contribution due to changes in oxidation, vacaniégcts, impurity effects and electrical insulatibreakdown,
and the second line collates uncertainties assatiafth the calibration at the fixed pointgR) collects the
uncertainties associated with the realisation efftked points:

(R = R | L1700 #0701, ) #0700 ) 101, ) 0 )+ B ) FU 0 )], 919

andu(Ryead collects the uncertainties associated with ed¢heoresistance measurements:
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uz(Rmeas) = RZS(Iz;Il(UZ(X DNL) +X |2ﬁ2u 2(t batl) +u 2(X noisl) ! (915)

(17-1)

andu(R,y) is the uncertainty due to the unknown oxidatitatesof the SPRT (Section 6.1).

The total uncertainty in a measured temperatuabfained using (9.8). Figure 9.5 plots an exangble

the total propagated calibration uncertainty fas ttase. Over a large fraction of the range theedamty is
dominated by the non-uniqueness.

Uncertainty /mK

1.4

—— Total uncertainty

//\\

1] / \Vp— Non-uniqueness (types 1+3)
AR
/.-
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Figure 9.5: Contributions to total uncertainty for a long-st&RRT calibrated over the water—silver subrangs. dssumed
that the thermometer is to be used ‘in-house’. @dleulated value includes the effects of non-unigss, the fixed-point
uncertainties are as indicated, and the uncertamtthe resistance measurements iu®. Contributions due to the
uncertainty in usey(R), instability of the SPRT, and insulation breakddwave been omitted.

9.10Total uncertainty for long-stem SPRTs used in dibaation bath
This example demonstrates the calculation of totalertainty in measured temperature, and the ineréa
uncertainty that may accompany oxidation effects.

Specifically, we consider a long-stem SPRT usedl éalibration bath over the range 0 to 550 °C.

Assumptions:

Uncertainty due to SPRT oxidation (Section 6.1nhd¢ zero. During calibration, the oxidation effects
were minimised by measuring the water-triple-poiesistance immediately after the fixed-point
measurements at higher temperatures. However,gluga in the calibration bath, the oxidation stdte
the SPRT varies with the exposure to different terafures. Subsidiary experiments show that therwate
triple-point resistance increases by up tou8Ddepending on the oxidation state. Accordingly, thkie

of Ry20 Used to calculate the resistance ratio duringisigkd uQ higher than the value reported in the
calibration certificate. Based on a rectangulatrittistion, the value assigned to the uncertaintiRig, to
account for the variable oxidation stat€R,,), is 25uQ.

Uncertainty due to SPRT vacancy, contamination, aelettrical leakage effects (Section 6) during
calibration is zero.

The same resistance bridge, standard resistorirgahetpoint-of-water cell were used for all cakition
measurements.

The user (client) uses a different water-triplempaiell with a standard uncertainty associated it
realisation of the triple point of 0.1 mK.

The user uses the same bridge for measuremene dfipte-point resistance and SPRT resistancean th
calibration bath. The bridge is a 7-digit bridgehwén uncertainty of 0.8 10 in resistance ratio and is
used with the same 1@ standard resistor for all measurements.

The uncertainty due to the instability and non-onifity of the calibration bath ig(T) and equal to the
quadrature sum of 0.5 mK and5.0™t.
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. The SPRT is operated at 0.5 mA to minimise the-lsedfting, a constant temperature correction is
applied, and uncertainty of 0.2 mK is included tzaunt for the variations in self heating at diéfier
temperatures.

This equation is again complicated because thertaictes associated with the realisation of thgdrpoint of
water propagate according to (C.22), while the memments of the SPRT resistance at the triple pfimater
propagate according to (C.23). The oxidation effect also different for the in-use measuremenf éhd the
calibration measurements (6.4). The total uncetamthe interpolatedV, values is

2.2

SchenlJ (X INL,cIien) +W %J 2(R HZO,o)

wW) = RH
PR (X )+ 2 UR) L 2W) + 0 (R) (W = 1,5o0)) (9.16)
U (Roead 2 (1+W) £20) + D (1-Z ) WP, waZ(RHzo,OX)}.

where the first line collates all of the contrilmuts associated with the use of the SPRT includianges in
oxidation ,vacancy and impurity concentration , afettrical breakdown, while the second and ttind tollate
the contributions arising from the calibration(R), collects the uncertainties associated with #adigsation of
the fixed points:

(R = R G| [0 ) U701, #0708 ) HU(00, ) +0 B B ) 10 )] (917

U(Rneas) collects the uncertainties associated with edcth® resistance measurements carried out durieg th
calibration,

(|; +1;]

2
(z-17)
and u(Ruz0.0¢ IS the uncertainty due to the unknown oxidatitates of the SPRT (Section 6.1). The first two
terms of (9.16) include the uncertainty in the issegalisation of the temperature (stability andfermity of the

calibration bath), the resistance measurements;ethiesation of the triple point, and the oxidatistate of the
SPRT. Figure 9.6 summarises the various contrihstfor the numerical example.

u (Rneas) R2 (U (X DNL)+X Bzu (t batl)+u (X nmsl) (918)

35
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Figure 9.6: A numerical example for the total uncertainty dor SPRT used in a calibration bath.
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9.11Total uncertainty in fixed-point comparisons

This example illustrates the high accuracy obtdmat differential temperature measurements usirg8P&T.
Generally, the most demanding examples are fodfp@nt comparisons, where, in the case of théetywint
of water, the resolution may be of the order ofw fmicrokelvin, and total uncertainties in the temgiure
differences are perhaps as low aquk0 The low uncertainties are possible only by uging same equipment
and procedures for the two measurements so that afahe errors cancel.

Assumptions:

. The same resistance bridge and standard resistaised for all resistance measurements.

. The same SPRT in (as near as practical) the santatmn and vacancy state, and without any
measurable moisture effects, is used for all memsents (see Section 6).

. The SPRT is used with the same pair of sensingentgnto ensure the self-heating in the two fixeith{so
is similar.

First, we note that thifW) functions take the value 1.0 for the fixed pdortwhich they are named and zero for
all other fixed points. Thus, if a temperature isasured using a reference cell at itie fixed point, the
propagation-of-error Equation (C.11) simplifies to

dw, = 1

r

(dR-WOR,, ~dR +WdR, ;) - (9.19)

20
This equation (and hence the equation for totakrtamty) is simplified by using the same watepigipoint

value for allW calculations, and hence the difference in therjriated reference resistance ratio for the two
measurements is

1

dW =——(dR-dR), (9.20)

20

so the calculation can be carried out in termshefdifference in SPRT resistance. The temperatifierehce
between the two cells is

At=t-t = [EJ(EJ . (9.21)
dVVI',i RHZO

There are two cases of interest.

Uncertainty in actual temperature difference

If the actual temperature difference is of intertestn the uncertainty is determined by the unodits in the
resistance measurements and any dynamic or seniperature differences between the SPRT and cell
temperatures:

Uz(At) = [%J ZL[UZ(R) + UZ(R) + Zuz(Rmeas)+ u 2(Rox)-'- u 2(Rdriﬂ)+ u 2(Rins):l ’ (922)

whereu(R,,), U(Ryir), andu(R,s) are the uncertainties due to change in the oxidagtate, vacancy state, and
insulation resistance of the SPRT between the twasurements. The uncertainiR,,) is important for Ga, In,
Sn, and Zn measurementgRyix) iS important for measurements at the Al and Ag mi@ndu(Rys) is
important for the Hg, kD, Ga, and Ag points. The other terms are given by

UZ(R )+u*(R) = (R %j I:uz(Atqu,i )+ uz(Atther,i )+u Z(Atdyni) +u (At qu) +u At then) TU ot dyr)] (9.23)

and
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2
uz(Rneas) :ﬁ[(l 42+ [ i)(UZ(AX DNL) +X ZBZU 2(t batl)) +1 1’ 2(X l,noige+ [ fﬂ ix 2,nol;
2 h

. , (9.24)
+8R52(Axshi _Axsh)ZI—zz[u (ZI)]
(1F-1) L

Equation (9.23) gathers the terms due to unceigairin the cell temperatures and the thermal cdiorec
between the SPRT and the cells, while (9.24) gatherms associated with the measurement of the SPRT
resistance. Note that the term due to the bridgesotimismatch uncertainty in (9.24) is negligiiflehe self
heating of the SPRT is the same in both cells.

The uncertainty in the difference between realised temperatures

In most fixed-point comparisons, the quantity ofenest is the realised temperature of the celts, the

temperature after all of the fixed-point correcidmave been applied. In that case, Equation (%28)ld have
additional terms due to the uncertainties in cdiwas for impurities, hydrostatic effect, residugls pressure,
and isotopic composition:

2 (o AW ’ 2 2 2 2 2 2
u (R)—(R TJ [U (At ;) +U (At ) +UT (At ) U (AL, +u (At ) +u (At ) (9.25)

+UP (Blyg; =Dty +UP(AL,, = At,) +UP(AL,, —Dt,) +Uu(Dt At ) .

impj
Some of the extra terms have been written as wmngés in the difference of the corrections tocact for

correlations between the uncertainties in the ctions for the two cells. Consider, for examples thfference
in the hydrostatic corrections for the two celle¢fon 2.2):

dt
Aty — Aty = a(hliqi - hliq) : (9.26)

which is independent of the location of the SPRiss®y element (so long as it has the same nomowsilipn at
the bottom of the thermometer well for the two meaments). Hence the uncertainty in the differdpetsveen
the two corrections is

dt

E)Z [U(hig) +u(hyg) ]+ (D, = hy,)* u?(ct/dh). (9.27)

u? (At,; = At,,) :(

Note that the uncertainty is insensitive to theartainty in the correction coefficient if the twiquid heights are
the same. Similarly, the uncertainty in the tempeeadue to uncertainty in the residual gas presgieero if
the two cells are operated from the same gas sy@tecause the two pressures are the same), antrsimi
correlations may occur with the isotope correcti@msl possibly the impurity corrections.
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Glossary

Throughout the text the following symbols are usedor the main variables (some symbols are used for
more than one variable, but the meaning should bepgarent from context):

A

Qe nmoo
g

~XNT ST

Isotopic depression constant for isotopes expresspermil, temperature coefficient parameter for
SPRTSs, cryoscopic constant

capacitance, either electrical or thermal analogue

diffusion coefficient

Energy gap

liquid fraction of fixed-point substance

acceleration due to gravity

non-unigqueness function

enthalpy

vertical elevation of liquid levels in fixed poimt

sensing current of resistance bridge

cryoscopic constant

Boltzmann’s constant, distribution coefficient forpurities, depression constant for
deuterium isotope measured as isotope ratio kp jgeint)

1/e characteristic length for propagation of thernndliuiences

slopes of solidus and liquidus lines in phase rdiag

number of moles

Power or heat flux

pressure

resistance, may be thermal or electrical, molarggastant, isotopic ratio
temperature

standard uncertainty of the quantity withimgygheses

volume, velocity, voltage

resistance ratio for the SPRT

concentrations of isotopes or impurities measusedhele fraction, bridge reading as resistance ratio
Berry’'s SPRT oxidation parameter

pressure coefficient for standard resistors, fatéal tension
standard resistor temperature coefficient

diffusion length for impurities, measure of isatoponcentration
coupling constant between fixed-point cell and aom

density

time

angular frequency

The symbols may be used with the prefixes:

A
dor &

to indicates change, error or correction in tharditly immediately following
to indicate differential in the quantity immedilgtéollowing

The symbols may be used with the following subscrig:

0

1,2, ..
a
ac-dc
c

bath
cal

reference value, as 3, the reference pressure

numerical index to indicate first, second, thigtt.

ambient

related to ac-dc difference of standard tegsis

capillary

associated with the standard resistor bath

indicates measurements performed using uniquipment operated by the calibration laboratory
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client indicates measurements performed outsidedlileration laboratory with the client’s equipment
D deuterium

drift drift

DNL differential non-linearity in the resistancedye

dyn dynamic

f fusion, final

f(W) fixed-point sensitivity coefficients

fp associated with fixed point

furnace furnace

h elevation

H20, e-H2, Ne, 02, Ar, Hg, Ga, Hg, In, Sn, Zn, Af: the various fixed points
hyd hydrostatic pressure

i initial, also used for fixed-point index, rangesrfr e-H2 to Agj = 1 corresponds to H20
in inwards

ideal ideal

imp impurity

INL integral non-linearity in the resistance bridge
iso isotopic

I liquidus

L lead (of resistance bridge)

lig liquid

meas the measured value

melt melt

min minimum

noise noise

NU Non-uniqueness (Type 3)

0X oxidation effect

out outwards

OME overall maximum estimate (impurity)

p pressure

peak peak

power related to power coefficient of standardstesi
pure pure fixed-point substance

r reference, as in reference resistance iatio
R resistance, associated with the resistance valtesistance measurement
Rs standard resistor

s solidus

SIE Sum of individual estimates (impurity)

sh self heating

SLAP standard light Antarctic precipitation (isotogtandard for water)
SMOW standard mean ocean water (isotopic standangdter)
SPRT associated with the SPRT

SRI Non-uniqueness (Type 1 — subrange inconsisjency
st static

Tort temperature, as in uncertainty in temperature
Thermal as in thermal resistarRig,

total

vacancy or contamination effect

resistance ratio

reference resistance ratio

bridge ratio

<2553
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Appendix A: Summary of typical ranges of fixed-poirt uncertainties (in pK)

Fixed point e-H, Ne 0O, Ar Hg H.0 Ga In Sn Zn Al Ag
Source of uncertainty

Fixed point effects

Hydrostatic pressure 1-5 5-20 5-20 15-16p 30-100 205- 5-60 15-160 10-100 10-150 10-15 30-30(
Residual gas pressure 0-2d 0-20 0-200 5-500 005-3 5-400 10-700 10-600
Impurities 1-5 2-40 10-200 10-100 2-50 5-10p 5-40 0-580 | 100-500 50-500 300-3000 1000-30p0
Isotopic composition 5-65 175 5-35

Strain, crystal defects 10-50 10-5( 10-50 10-50 -300

Static thermal effects 5-50 5-50 5-50 5-50 5-20 05-1 5-20 5-100 10-100 10-150 15-40( 20-100pD
Dynamic thermal effects 5-50 5-50 5-50 5-50

SPRT effects

Oxidation 5-40 5-400 5-500 20-850  40-10p0 1@0&L

Strain, vacancies, contamination 0-50 Q0-2| 200-2000
Insulation leakage 0-20 0-100 0-20 2-50 100-300p
Resistance measurement

Standard resistor stability 0-2 0-5 0-10 0-20 1-100 1-100 1-100 2-200 2-200 3-300 5-500 7-700
Misc. cable effects 0-100 0-100 0-10 0-104 0-100 -100 0-100 0-100 0-100 0-100 0-100 0-100
Bridge errors 7-70 1-15 10-50( 10-50( 10-500 10-50Q10-500 10-500 10-500 15-500 15-600 15-70(
Self-heating correction 5-200 5-20( 5-200 5-200 0B6-2| 5-200 5-200 5-200 5-200, 5-200 5-200 5-200
TOTAL 20-250 | 180-300| 20-550 25-550 35-55p  20-600 -60B | 30-1250| 50-1250 120-1350 60-13Q0 250-40D0
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Appendix B: Table of sensitivity coefficients and geful constants for the fixed points

, , : : : T
Fs'ﬁﬁgtz;"cnet Mor'f::;ar Temperature Wi AWl T, ATefdWr "aftl‘j;torr‘]eﬁf of | Firsteryoscopicconstant | wpyip | g Liqﬁzns'ty fg.mr Cx;:]”gn;%n
g mol* Too/K tgo/°C K K / KImol™ Kt/ K K/ K (Note 1) (Note 2) at T, 20°C fusion /%
e-Hy(T) 2.01588 | 13.8033 | -259.3467| 0.00119007 | 0.000241 | 4157.62 0.117 0.0739 14 34 0.25 0.0770 115
Ne (T) 20.1797 24.5561 -248.5939| 0.008 449 74 0.001227 815.24 0.335 0.0668 15 16 1.9 1.2 13.1
O (T) 31.9988 54.3584 -218.7916| 0.091718 04 0.003903 256.22 0.444 0.0181 55 12 1.5 1.3 3.3
Ar (T) 39.948 83.8058 -189.3442| 0.215859 75 0.004342 230.33 1.188 0.0203 49 25 3.3 1.4 12.8
Hg (T) 200.59 234.3156 -38.8344| 0.844 14211 0.004037 247.72 2.301 0.00504 198 5.4 7.1 13.691 13.546 3.6
H.0 (T) 18.01528 | 273.16 0.01 1.000 00000 |  0.003989 250.72 6.008 0.00968 103 75 | -073 0.9998 09982 | -83
Ga (M) 69.723 302.9146 20.7646| 1.11813889 | 0.003952 253.01 5.585 0.00732 136 20 | -12 6.09 5.91 -3.2
In (F) 114.818 | 429.7485 156.5985| 1.60980185 | 0.003801 263.09 3.201 0.00214 467 4.9 3.3 7.023 7.29 2.3
sn (F) 118.710 | 505.078 231.928 | 1.89279768 | 0.003713 269.34 7.162 0.00338 296 3.3 2.2 7.000 7.285 2.5
Zn (F) 65.409 692.677 419.527 2.568 917 30 0.003495 286.09 7.068 0.00177 564 4.3 2.7 6.575 7.135 4.6
Al (F) 26.981538 | 933.473 660.323 3.376 008 60 0.003205 312.02 10.79 0.00149 672 7.0 1.6 2.377 2.698 7.2
Ag (F) 107.8682 1234.93 961.78 4.286 420 53 0.002841 352.01 11.3 0.00089 1124 6.0 54 9.346 10.49 4.5
Notes:

1. dT/dP is the rate of change of the temperature with presure. The units are 10° K.Pa™, which is equivalent to millikelvin per atmosphere
2. dT/dl is the rate of change of the temperature with dept The units are 10° K.m™, which is equivalent to millikelvin per metre.
3. The units for K; are equivalent to microkelvin per famol/mol) mole fraction.
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Appendix C: The ITS-90 Interpolations and Propagaton of Uncertainty

For many users of this document, the total-unasita@quations of Section 9 will be sufficient folost needs.
This appendix provides the mathematical frameworkdieveloping uncertainty equations for cases nweed
in Section 9. In doing so it also:

0] presents a tutorial description of the mathematicderlying ITS-90 interpolations;
(i)  explains the basis of some of uncertainty expressised throughout the text, including Section 9;
(i) explains the rationale for some measurement pexctitat reduce uncertainty.

The approach to the analysis involves rewriting 8RRT interpolations in terms of a set of orthodgona
interpolating functions (White and Saunders (2&m07), and White (2001)).

C.1The mathematical structure of ITS-90
The mathematical definition ofyy in the SPRT subranges of ITS-90 (Preston-Thom&O)Y1%llows three
algebraic steps:

Sep 1: Calculate the resistance ratio
The resistance ratio for an SPRT is defined as

-_RO___R (C.1)
R(0.01°C) R, '

whereR is the resistance of the SPRT at temperafu@ndRy,o is the resistance of the SPRT at the triple point
of water. Ideally, if every SPRT had the same teileal resistivity as a function of temperaturee W(T)
functions for all SPRTs would be the same.

Sep 2: Interpolate a value for the reference resistance ratio

To compensate for the slight differences in théstedty-temperature behaviour of different SPR€ach SPRT
is used to interpolate between reference resistanties, W, defined for each fixed point. The SPRT
interpolating equations all have the férm

W (W) =W - AW W), (C.2)

where the deviation functionAW(W), are polynomials iW — 1 and/or IngV).

Sep 3: Calculate the temperature according to ITS-90

Once theW; value has been calculated, the temperature islatdd using th&Vi(Tyg) function. The function is
defined by ITS-90 in two segments, one for tempeeat below 0.02C and one for temperatures aboveCd
The W(Tyo) definition is an exact one-to-one relationshig amroduces no uncertainty or non-uniqueness into
ITS-90.

To illustrate the interpolation process, consider interpolation in the water—aluminium subrange,which the
ITS-90 interpolating equation is

W, =W —a(W -1) - bW -1 —cW - 1. (C.3)

6 The description of the interpolation at Step 2eiffrom that presented by the designers of ITE90vini et al 1991) and
understood by many users of ITS-90. The mathealagicucture of the SPRT sub-ranges of ITS-90 eaabfrom the four
low-temperature SPRT sub-ranges of IPTS-68 and ettionally relates the reference function to theasuieed resistance
ratios usingW! =W, (T,,) + AW . That is, with the conventional perspective, the pilag is fromW, = W (rather thar\v =

W; as in (2)), and the values of the deviations ammd by interpolating between the measured deviatai the fixed points.
This perspective explains the nomenclature of #msaation functions and the negative sign in (2) haf¥ the equations are
solved algebraically and written in full (see CridlaC.6a-d), it is clear that the interpolation éveeen reference resistance-
ratios,W,.
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The values of the coefficients b, andc are determined by requiring Equation (C.3) to &tisfed at each of the
defining fixed points:

V\/r,Sn :WSn - a(WSn_l) - b(\N sn 1)2 - CNV sn 1)3 ’
VVr,Zn =WZn - a(V\/Zn _1)_ I:)(\NZn _1)2 _CNVZn - 1)3 1 (C'4a! b1 C)
W, =W, —aW, —1)-bM, -1 —cW, - 17,

whereWs, , Wz, andW,, are the measured values of resistance ratio dixéwt points, and\V; sp, Wiz, andW,
are the values of reference resistance ratio asdigm the fixed points by ITS-90. Note that there three
equations and three unknowmsb, andc. Once the values @, b, andc have been determined, the valua/\§f
can be calculated for any measuwat an unknown temperature using (C.3).

The values o, b, andc determined from (C.4a-c) can also be substitutet bao (C.3), and the ITS-90
equation rearranged as

W W) =W 50 Trioo(W) + W g, (W) + W of W) +W L f W), (C.5)
where
f o (W) = (W =W, )W -W,, )W -W,,) W)= W —W,,,o )W —W, )(W -W,) |
Whao ~Wa ) Wi~ W )W 06~ W ) WsmW 0 dW o= W )W - W ) Cond)
£, (W) = — W~ Who JOW ~ W, )W ZW,) £, W) = — W W)W = We )W — W)

(\NZn _WHZO)(\NZn _WSn)(WZn_WAI) , (\NAI _\N—izo)(\NA| _V\én)(WAI _VVZn) .

Despite appearances, the rearranged interpolagjogtien (C.5) is identical to the ITS-90 equati@nd), but is
written in the normal form for a mathematical iptelation: a sum of four interpolating functions leawultiplied

by a constant (in this case the constants areotlreréference resistance ratios). If you have senhghe ITS-90
equations written this way, it is well worth spemgli a few minutes successively substituting
W=1 W=W,,, W=W, ,andW =W, into (C.6a-d) to see how the interpolation work&u should find that

Sn? Zn?
each of the interpolating functions has the vali@at the fixed point for which it is named, andzéo for all
other fixed points. This is a property of W) functions for all subranges.
Although the ITS-90 interpolation equation hasyothiree free parameters, b, andc, the equation
actually passes through four points: (1, W Wrsn), (Wzn, Wi zo), and Wa, W, ). Note too that we have
explicitly included the variable®V,,,, and W,,,in (C.5) and (C.6a-d) to highlight the form of tequations,

although both are equal to 1 by definition.

Figure C.1 plots the four interpolating functiof@)), of (C.6a-d). Each takes the value 1.0 exactly at
the fixed point for which it is named and is zetotlge other fixed points. Note that each of theripolating
functions is a cubic function &/, and any linear combination of them, such as (@v8) be cubic.

15

s (W) )
1 frooW) L /\ﬁ N fa (va)

LN NN
v /

-0.5 T T T T T T T T T T T T T
0.5 1 15 2 25 3 35 4

fi(W) value

MeasuredV value

Figure C.1: The four ITS-90 interpolating functions for theteaaluminium subrange.
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InterpolatedWr value
L

os+-v1T"T—T
05 1 15 2 25 3 35 4

Measured\ value

Figure C.2: The influence of an error in a fixed-point measueetn The solid line shows an interpolation betwien
measuredV values and th&V, values. The dashed line shows the effect of alsmalr in the measured,, value. The
difference between the two curves is proportionahef,,(W) function.

Figure C.2 shows a graph of two water—aluminiuteripolating equations. The solid curve passes
through all four marked points. In the second, ddsturve, a small error has been introduced irganteasured
zinc-point value, Wz,. The new curve passes through the new point botirages to pass through the other

original points. The difference between the twovesris proportional to thi,(W) function of FigureC.1. This
shows that the interpolating functions identified (C.6a-d) are the sensitivity coefficients forcesr and
uncertainties associated with the fixed points. dyeidentification of the fixed-point sensitivity efficients is
one of the benefits of expressing the ITS-90 equatin the more formal mathematical form.

C.2 Propagation of uncertainty
All of the ITS-90 interpolating equations can bemessed in the same form as (C.5), a sum of inlaipg
functions multiplied by the corresponding refereresistance ratios:

WW) =D W, W), ©7

where the numerical indeéxrefers to the sequence of fixed points used tibredé the SPRT (e.g..B, Sn, Zn,
etc). We reserve the indéx 1 for the water triple point. THgW) are a different set of interpolating functions
for each ITS-90 subrange. Algebraic approximatitmshe interpolating functions for each subrangel two
methods for calculating them are described in detaippendix D.

In any general interpolation, where the equatsofoiced througiN points, there arbl pairs of coordinate
values representing those points. For the ITS sr8€rpolations, the coordinates are pairs of thhenfQM, W;;).
There are therefore a total oN2 1 independent parameter values determining tibergolation; the ®
coordinate values, and thévalue at the unknown temperature. DifferentiatdC.7) with respect to allle+ 1
parameters leads to the most general form of thegwation-of-error equatiéiWhite and Saunders 2007):

aw

dVVr :Z fi (\N)dvvrl _Z fi (\N)[(?W

aw + M g (C.8)
'W=W, aW

For ITS-90 interpolations, (C.8) can be simplifiselcause 1TS-90 defines the values of many of thenpaters,
and they are, therefore, without error or uncetyaiSpecifically:

. The reference resistance ratios at the fixed poWts are defined, and hence all of tté/; terms are
equal to zero;
. All resistance ratios for the triple point of watae equal to 1 by definition, hend@4y,c = O;

7 Strictly, this equation relates the differentiaMgfto differentials in the other quantities. The @gation-of-error equation
is obtained by replacing tltesymbol byA, e.g.dW > AW.

CCT WG3: July 2009 Page 64



Uncertainties in the realisation of the SPRT subranges of the ITS-90

. The derivativedW,/dW is very close to 1.0 (within 0.03% typically) besaW = W,.

Hence, the propagation-of-error equation for ITSr8rpolations is
N
dw, = =" f (W)dW +dw . (C.9)
i=2

The simplifications have reduced the number of tetoN, and eliminated the derivatives. Most importantly,
(C.9) shows that the interpolating functiofh@)\), are very good approximations to the sensitigtgfficients for
errors and uncertainties in the fixed-point resistaratios. Note too that the sum omits the terth ¥ie index
i =1, which corresponds to the triple point of wate

Although (C.9) is simple, it is not ideal for coaoimg uncertainty. EacW value includes influence effects
common to otheW values (especially due to the water-triple-poiasurements), and direct use of (C.9) would
lead to a significant number of correlation termsainy uncertainty expression. These types of ctioel
problems are best simplified by expanding the équoatin terms of the measured quantities. The §itsp is to
express the equation in terms of measured resestancepeatedly applying the identity

1

dw = (dR-WAR,,; ), (C.10)

20

which follows from the definition ofV (C.1). This leads to the expression

dw] = RHl {(dR_Wdeo)_ZN: f; (\N)(dR ~WdR 0, )} , (C.11)

20

whereRy,0; are the triple-point-resistance values used toutatle eachW, (This may be different for eacW,
value. Where a specifiRy,o value is required for the uncertainty analysis; ahthe measured values will do).
Equation (C.11) eliminates all of the correlaticgrmis that would arise from effects associated \thith
realisation of the water triple point and most effeassociated with the SPRT itself. However, tasteis still
not the measured quantity; this is actually theldeiratio at non-zero current. Therefore, therearamossible
correlations due to effects associated with théstasce measurements and the self-heating comsctamd we
need to make two more substitutions. The firstasea orR = XRs whereX is the zero-current bridge reading
(resistance ratio) arigs is the standard resistor value:

dR = dXR, + dRX . (C.12)

The second substitution expresses the zero-culmétije reading in terms of the bridge reading & tivo
different currents used to correct for self-heating

2 2
I I

dX(0) = 525 AX (1) + 25 X (1) (C.13)

2~ I12 1712
For the moment, we will not make the last two silnsbns into (C.11). Instead, to keep this secésrsimple as
practical, these effects are addressed in Sect{®eSistance Measurement).

If, for the moment, we assume the uncertaintisscated with each resistance measurement in (@rgl)
not correlated (i.e. the contributing uncertaintie® to the water-triple-point cells and resistam@asurements
are independent), we can immediately write down ¢beresponding expression for the uncertainty ia th
interpolated; value from (C.11):

(W) = le [(u%R) +w2u2(&20))+§ f,7W) (uA(R) +W U Z(RHZOJ))} : (C.14)

20

The first term in parentheses collects the two tethat arise in the use of the SPRT (to measuren&nown
temperature), while the second set of terms urftestimmation propagates the uncertainties restftimg the
calibration at the fixed points. Equation (C.14}he first of three basic forms of the propagatidruncertainty
equation for the ITS-90 interpolations, and is aywgood approximation if the uncertainties assedawith the
water triple point and resistance measurementsaiegégible (see Section 9.5). More accurate exgioes for
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the total uncertainty are derived in Section C.3oWwe The main differences are in the propagation of
uncertainties associated with measurements atifiie point of water. Figure C.3 compares the pgaen of
uncertainty for the water-triple-point uncertaisti@ith (C.14) (curve a) with the more accurate ¢éigua derived
below (curves b and c).

] _/j
&4
24 //
S A
= 7 -~
g ] -~
£ ]
t2
g 2] Pz (@) N measurements, Eq. (C.14)
5 ] e
% 1 4 - - - (b) 1 measurement , Eq (C.22)
i N\
] S — — (c) 2 measurements, Eq (C.23)
0-|||| T T T |\|\||I_|_|_||||||_||_|_|||
0.5 1 1.5 2 25 3 3.5

In terpolated Wr value

Figure C.3: The propagation of water-triple-point uncertaistiersus measurement practice in the water—aluminiu
subrange. (a) Independent water-triple-point measents for eackV value, (b) one water-triple-point measuremenafbwv
values, (c) one water-triple-point measurement#ibration (V, values) and one water-triple-point measurementher
unknown temperaturé\( value). It is assumed that each water-triple-poiaisurement has the same magnitude for the
uncertainty, and all the uncertainties are uncateel.

In addition to the uncertainties associated witd &ctual measurements, ITS-90 has another sotirce o
uncertainty: non-uniqueness (see Section 7 forildptédeally, each of the interpolation equatioagplied to
every ITS-90 compliant SPRT, would map the measMvaelues to the samé/ value and, hence, to the same
temperature. In practice, for a number of reasohis, does not happen. That is, ITS-90 is not a umiq
temperature scale, but a family of scales thatagllee within (typically) a few tenths of milliketvi(see
Section 7). Therefore, once we have calculated pitepagated uncertainty in thé, values we must add
uncertainties due to the non-uniqueness. The twizdrtainty in the measured temperature can thealoalated
as

U2 (Ttotal) = (:_\-/I\—/jz I:uz (Wr) + U2 (AWr,SRI) +u ? (AWr,NU):| ! (ClS)

whereu(AW, sr) andu(AW, yy) are the uncertainties, expressed in resistarta® i the interpolatedV; values
due to Type 1 non-uniqueness (subrange inconsigtanc Type 3 non-uniqueness, respectively.

C.3 Simplifying and reducing the uncertainty
Throughout the uncertainty analysis, there are dppities for both reducing the uncertainty andifging the
mathematical expressions. To achieve these redhscti@ must adopt particular measurement procedutes.
section explains the rationale for these procedward gives the corresponding simplified uncertainty
expressions. The simplifications all arise fromtjgatar properties of the interpolating functiofhéW).

There are a very large number of ways of rearrapgnd presenting the ITS-90 interpolating equation
For example, the ITS-90 gives them as deviatiorctions, each the sum of a series of simpler funstib;(\W)
that may be terms of a polynomial\ivi— 1 or In{\):

AWW) = AR W) +..+ AJF, W). (C.16)

Remarkably, it can be shown that each of the fonetiF;(W), or any linear combination of them, satisfies the
mathematical identity

> )R W) = F;W). (€.17)
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Equation (C.17) tells us that any function that barinterpolated exactly by the ITS-90 equations lva written
as a linear combination of tHgW) interpolating functions. Two particular forms tbis identity apply to all of
the ITS’s-90 interpolations and prove to be paféidy useful in simplifying uncertainty expressions

i f(WW =W, (C.18)
and )
ZN: f (W) =1. (C.19)

The validity of (C.19) for the water-aluminium sahge is apparent in Figure C.1. (The sum of thetfans is
equal to 1.0 at each of the fixed points, and thly cubic equation that passes through all founfsohas a
constant value of 1.0.)

We now investigate some examples of proceduraeimoit these identities.

Use the same water-triple-point cell or water-triple-point resistance for all W values

The total uncertainty expression (C.14) contaimsgefor uncertainties in each bif different water-triple-point
resistance measurements, each with its own comespg uncertainty term. Suppose we use just onerwat
triple-point measurement to calculate all of Wevalues. Then the propagation-of-error equatioobigined by
collating all of thedR,0 terms in (C.11):

drR

dw, = _i f. (W) dR +%(i f. (W)W —Wj. (C.20)

20 RHZO RHzo i=2

The term in parentheses at the end of this exgmressin now be simplified using the identity (C.1@pbtain

dV\lrsz' (dR—ifi(\N)de. (C.21)

20

The summation now runs froirr 1 (water triple point) instead of= 2, so that terms associated from the water
triple point are treated separately from the tefanshe other fixed points. The corresponding emumafor the
total uncertainty can now be written down as

u? (W) = R%Lzo [uZ(R)+izjl:fi2(W)u2(R)j. (C.22)

With this simplification, the total propagated urteénty due to uncertainty in the water-triple-poiralue has
been significantly reduced. It now only affects si@@ments made near the water triple point (seeedin) of
Figure C.3). This should be compared to curve (ahere the cumulative effects of water-triple-point
uncertainties scale approximately in proportiofi\to

This simplification can be made very easily fog tiryogenic subranges< 0 °C) (Section 9.8), but not so
easily for the higher temperature ranges whereratm#riple-point measurements are required to emsate for
the oxidation and SPRT of the SPRT (see Sectioh Bldwever, most of the reduction in uncertainty de
achieved by always using the same water-tripletpaill. This expression is the basis for the dethil
expressions of total uncertainty for SPRTs usedhtnse’ as given in Sections 9.7 and 9.9.

The simplification leading to (C.22) cannot usydle applied where a user of the SPRT (e.g., atctie
the calibration laboratory) does not have acceslse@ame water-triple-point cell as the calibmataboratory. In
this case, the simplification is not complete:

1
Rizo

U2 (er ) = |:(u2 (R) +W2u2(RHZO,cIient)) +§: fi Z(W)u Z(R ) + (W - fH20 (W))2 U2 (RHZO,caI):| . (C23)

As before, the terms in the first parentheseslaoee associated with the client's measurements e user of
the SPRT), and the remaining terms propagate thertainties associated with the calibration. Anregke of
this equation is curve (c) of Figure C.3. In thise, the propagated uncertainty is similar to tbha{C.14).
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Equation (C.23) is the basis of the total uncetya@xpressions for SPRTs used outside the caldwaaiboratory,
as given in Sections 9.8 and 9.10.

Measure resistance ratios with the same standard resistor
Consider a resistance ratW¥(T), measured using a bridge operated with two iiffestandard resistoRsr and
Rs 120 for each of the resistance measurements atieetaturel and the triple point of water:

w=R -_RaX (C.29)

RHZO RS,H20>( H20 .

The propagation-of-error equation for this casgram (C.10) and (C.12))

dw =vv[d—x+ Ry _ Xy _ dRSvHZOJ , (C.25)
RS,T XHZO I:zS,HZO
which has the corresponding uncertainty expression
u?(x) W (RS;) u?(Xx u?(RS
u? (W) =w? (2 ). (§T)+ ( 2H2°)+ (F:S“D) , (C.26)
X RS,T xHZO RSH D

and contains terms in the uncertainties for theieslof both standard resistances. If we use, itistea same
standard resistoRst= Rs 120 for both resistance measurements, then the twstan (C.25) cancel and

Now the uncertainty depends only on the uncertaimtthe two bridge readings. (Actually, two smahmant
terms depending on the stability of the resistee, Section 8.1) This result means that it is noessary to know
the value of the standard resistor in order to meagemperature with the SPRT, it is sufficientt tite value is
stable and that it is used for both measurememssigtance used to calculate Wevalue.

Measure all resistance values with the same resistance bridge and connecting cables

There are a few errors occurring in resistance oreagents that can be expressed as a simple quadratubic
function of the measured resistance (see SectioB)pose that these effects give rise to erdsRs for each
resistance value. From (C.21) we get the followarpgression for the error in the interpolated resise ratio:

1

AW, = (AR—i f (\N)ARJ . (C.28)

20

If the function describing the resistance errdR, can be described or interpolated exactly by fh8-90
equations, the term in parentheses simplifies 1@ t®cause of the identity (C.17). For example, ¢bbic
interpolating equations for the water-aluminium rsuige will interpolate exactly any offset, linequadratic or
cubic error. In practice, so long as the functiesatibing the error in the resistance measurema&Rtds not too
non-linear, the term in parentheses in (C.28)vgmgb very close to zero. In effect, the resistdmidge and the
SPRT are calibrated together: any non-linearitthanresistance measurement is included in the SiRiktion
function.

A number of minor sources of uncertainty can lmiekated or reduced by this simplification, incladi
effects associated with the connecting cables;gratenon-linearity (INL) in the bridge readings;etipower
coefficient of the standard resistor; and, to asdesextent, the effect of current-ratio errors é@if-heating
corrections, but it does require the same bridgesat of cables to be used for all resistance measnts.

If the user of the SPRT and the calibration labmsause a different resistance bridge, then thévatent
result for the error in the interpolat¥d value is
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AW, =—"— (AR, ~OR,) (C.29)

20

If the range of the unknown error is characterisgén uncertainty, then the uncertainty in Wevalue is

uZ(vv,)=RHTl(u2(Rc.iem)+u2(Rca.)). (C.30)
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Appendix D: The ITS-90 SPRT interpolating functions

Much of the uncertainty analysis depends on havimgtional forms for the interpolating functionsy o
equivalently, the sensitivity coefficients for tfiged-point uncertainties. This appendix describes methods
for calculating the functions, and gives the fumél forms for each subrange.

D.1 Two methods for calculating the sensitivity ¢heents

Method 1
The most obvious method for calculating the serisiticoefficients is numerical, and historicallyigthas been
the most common approach (e.g. Preston-Thomas aimh Q992).

First, complete the numerical calculation thatedaines the coefficients for the interpolating dtion
from the various measurements of resistance ratdl; this result W.(W,1LW,,...W, ). To determine the

sensitivity coefficient for the second fixed poirgcalculate the interpolating equation with a $roladnge made
to the measuredl;, value; call this resuliv, (W,1LW, + AW, ,...W,, ). The sensitivity coefficient for the second

fixed point is

AW _ AWy = MWW + AW, W )W WG L W (D.1)
dAW,  dW ., AW,

wheref,(W) is the second interpolating function. This tecfug can be applied successively to determine all of
the sensitivity coefficients except the one for Weger triple pointf,,o(W), which is most easily calculated using
identity (C.19):

froo (W) =1_Z fi (W).

Note that this method provides an exact value Herdi\, sensitivity coefficients, including the derivatiterms
in dW,/dW, (see (D.1) and discussion following (C.8)).

Method 2

This method is suited for use with algebraic matéea applications such as Maple®, Mathematica® an
Mathcad®. The set of identities (C.17) applied astelTS-90 interpolation provide a setNdvEquations relating
the normal form of the ITS-90 interpolations (C.16)the more formal form (C.7). These can be solieelctly
for the sensitivity coefficients:

e | (0.2)
fN (W) 0 I:N (sz) FN (VVN) FN (\N)
This method gives exact values for fi{8V) functions, but they are approximations (withio®%) to the actual

sensitivity coefficients for theW, because they omit the derivative terms (see timeenical method above and
the discussion following (C.8)).
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D.2 The interpolating functions for each subrange
The following subsections list the interpolatingnétions for each of the ITS-90 subranges coveredhisy
uncertainty guide. Each subsection presents the9ll 8quation, formulae for the interpolating funos, and a
graph showing the interpolating functions as a fimmc of temperature. All of the graphs are exprdsse
temperature rather than resistance ratio; both asescaled so that the graphs plot the propagategderature
error divided by the temperature error at the djgetfixed point.

Water-Gallium Subrange: 0.01 °C to 29.7646 °C
The ITS-90 equation for this subrange is
W, (W) =W -aW -1), (D.3)

where thea coefficient is determined by calibration of the RGP at the melting point of gallium. The
interpolation is rewritten as

W-W) Ly WD) (0.4)

W = Ga
r W) WGa) " (\NGa -1

from which the sensitivity coefficients are ider&id as

(W _Wea)

f = D.5a
o) =" (D.52)
and
W-1
fo (W) = —, (D.5b)
¢ (\NGa_l)
15
1—%1 H20 Ga |
g '\ /
5 0.5 )
E B /
g ] T
2 0
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Figure D.1: Sensitivity coefficients for the water-gallium sabge. The curves show the propagated error ifkelilin for a
1 mK error at each of the fixed points.
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Water-Indium Subrange: 0.01 °C to 156.5985 °C

The ITS-90 interpolation equation is
W, (W) =W -a(W -1), (D.6)

where thea coefficient is determined by calibration of the RGP at the freezing point of indium. The
interpolation equation can be written in the form

W-W,) ., W-1 07

W, = ,
r(\N) (1—VV.n) r.in (va _1)

from which the sensitivity coefficients are ider&d as

W)

froo(W) = —(1_\/\/": ) (D.8a)
and
_Ww-]
f (W)= D.8b
W) W 1) (D.8b)
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Figure D.2: The sensitivity coefficients for the water-indiwubrange. The curves show the propagated erroilikatvin
for a 1 mK error at each of the fixed points.
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Mercury-Gallium Subrange: —38.8344 °C to 29.7646 °C
The ITS-90 interpolation equation is
W, (W) =W -a(W -1)-bW -1y, (D.9)

where thea andb coefficients are determined by calibration of 8/RT at the triple point of mercury and the
melting point of gallium. The interpolation equatioay be written in the form

W-DW-We,) | W-We )W -Weo) 0 W=Wi )W 1)

W =W , D.10
) O D0 We) T AW W) W W W)
from which the sensitivity coefficients are ider&d as
= W-1)W -Ws,) , (D.11a)
’ (\NHg _1)(\/VHg ~We.)
o = W2\ JOV W) (D.11b)
2 (1-W )A-Ws,)
and
W=Wo)W 1) (D.11c)

fo. = .
e (\NGa_WHg)(\NGa_l)

1.5
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Figure D.3: The sensitivity coefficients for the mercury-gattissubrange. The curves show the propagated error in
millikelvin for a 1 mK error at each of the fixedipts.
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Water-Tin Subrange: 0.01 °C to 231.928 °C
The ITS-90 interpolation equation is
W, (W) =W - a(W -1)~bW -1, (D.12)

where thea andb coefficients are determined by calibration of 8RT at the freezing points of indium and tin.
The interpolation equation may be written in thenfo

- WW)W W) Ly WDW W) Ly WD W)

W, , D.13
r(\N) (1_Vvln )(1_WSn) " M/In - 1)Wln _WSn) e WSn_ 1)W Sn_W In) ( )
from which the sensitivity coefficients are ider&d as
o = =W JOV WG, (D.14a)
(1-W, )A-Ws,)
y =y W ING) (D.14b)
(W, ~ D0, W)
and
fg, = W)W~ W, ) (D.14c)

(VvSn _1)(\N3n _Wln) .

15
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Figure D.4: The sensitivity coefficients for the water-tin sabge. The curves show the propagated error im for@ 1 mK
uncertainty at each of the fixed points.
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Water-Zinc Subrange: 0.01 °C to 419.527 °C
The ITS-90 interpolation equation is
W, (W) =W - a(W -1)~bW -1, (D.15)

where thea andb coefficients are determined by calibration of 8RRT at the freezing points of tin and zinc.
The interpolation equation may be written in thenfo

- WW)W-Wo) oy W-DW-WG) - WDV W)

W, (W) s [ zn ) (D.16)
(=W, )A-W,,) ® W, - DWg,-W ) “ W, DW ,-Wy)
from which the sensitivity coefficients are ider&id as
120 - (\N _WSn)(\N _WZn) , (Dl?a)
(1-W,)(A-Wy,)
- - (W_l)(\N _WZn) , (Dl?b)
Ws, ~1)Ws, =W )
and
f,, = W-DW-W,) (D.17c)
(W, =)Wy, =W,
1.5
1-[ H20 Sn Zn
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Figure D.5: The sensitivity coefficients for the water-zinc safige. The curves show the propagated error iikgditin for a
1 mK error at each of the fixed points.
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Water-Aluminium Subrange: 0.01 °C to 660.323 °C
The ITS-90 interpolation equation is
W, (W) =W —aW -1)-bW -1 —c@W - 17, (D.18)

where thea, b andc coefficients are determined by calibration of 8RT at the freezing points of tin, zinc and
aluminium. The interpolation equation may be writte the form

\Nr(VV) = fHZO +\Nr,SnfSn+Wr,an Zn+Wr,AIf Al (Dlg)

where the sensitivity coefficients are

o = WV W =W JW = Wy) (D.20a)
(1-Wg,)1-W,, )(1-W, )

. = W-DHW -W,,, )W -W, ) ' (D.20b)
(WSn - 1)(\/Vsn _WZn)(\NSn_W AD

(o WDW W)W W) (0,200

" (\NZn _1)(\/Vzn _WSn)(\NZn _WAI) '

f, = WDWVG )W ZW,,) (D.20d)

(WAI _1)(VVAI _V\én )(VVAI _V\én)
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Figure D.6: The sensitivity coefficients for the water-aluntini subrange. The curves show the propagated arror i
millikelvin for a 1 mK error at each of the fixedipts.
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Water-Silver Subrange: 0.01 °C to 961.78 °C

The ITS-90 interpolation equation takes the form

W, (W) =W -aW -1)-bW -1 —cW - 1y -d W -W, ), (D.21)
where thea, b and c coefficients are the same as determined from thgemwaluminium subrange, and tte
coefficient is determined by calibration of the SP& the freezing point of silver. The equatiorafplicable
only over the temperature range between the aluminand silver points (660.328 to 961.78C). The
interpolation equation may be written in the form

\Nr(W) = fHZO rsnfsn-'-Wan.r Zn-'-vvr/-\l]c -'-V\/rAg.r Ag? (D22)
where the sensitivity coefficients (applicable oabyove 660.323C) are
w-w, )
= floW) = FlW,g)| A |, (D.23a)
2o H,O H,0\VVag WAg _WAI
2
W-W,
=feW) - faw )| —2|, (D.23b)
Ag) WAg _WAI
2
W-W,
fon = fan (W) = f5 (W) | ——2 |, (D.23c)
h WAg _WAI
2
W-W,
f, =t wW)- £ — A D.23d
Al (V\Ag WAg _WAI ( )
2
W-W,
fag = (WJ (D.23e)

where the F* are the sensitivity coefficients for the waterralnium subrange, as given by (D20a-d). For
temperatures below 660.323, Equations (D20a-d) apply.
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Figure D.7: The sensitivity coefficients for the water-sihsrbrange. The curves plot the propagated erroiliketvin for a
1 mK error at each of the fixed points. Below 6@3.3C (the aluminium point) the curves are identicalitose in
Figure D.6.
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Argon-Water Subrange: 83.058 K to 273.16 K
The ITS-90 interpolation equation is
W =W -aW -1)-bW -1) In\WV), (D.24)

where thea, andb coefficients are determined by calibration of ®ERT at the triple points of argon and
mercury. The interpolation may be written in thenfo

er(\N) = fHZO +W,Hg ng +Wr,ArfAr' D25)

I
where the sensitivity coefficients are

fo= w _1)(\A/Hg —-W,, ) InW + (\NHg -HW,, -W) InWHg B M/Hg ~W)W,, —1)InW,,
H0 (W, ~1)W,, —1)(InW,,, - InW,, )

, (D.26a)

(W -1)(InW - InW,, )
" (W, —D(InW,,, - InW,,)

(D.26b)

(- W -D)(nW - InW,,) (0.260)
W, —1)(InW, - InW,, )

The sensitivity coefficient for the triple point wfater is most easily calculated &s, =1- f,, - f,
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Figure D.8: The sensitivity coefficients for the argon-watebsange. The curves show the propagated errorlikehiin for
a 1 mK error at each of the fixed points.
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Oxygen-Water Subrange: 54.3584 K to 273.16 K

The ITS-90 interpolation equation takes the form
W, (W) =W —aW -1)-bW -1 —c(Inw)?, (D.27)

where thea, b andc coefficients are determined by calibration of 8RT at the triple points of oxygen, argon
and mercury. The interpolation may be written ie fbrm

W = fH20 +W f +Wr,ArfAr +Wr,02f o2 (D28)

r rHg " Hg

where the sensitivity coefficient for the oxygeriras

(INW)* W, ~DWy, —DW, ~Wg )= (INW,, ) W — DWW - DIV -W, )+ (W, F W - DW,, - YW -W,, ) (D.29)

f = .
OZ(VV) (InWoz)z(\NHg _1)(\NAr _l)M/Ar _WHg)_ (InWAr )2 M/Hg - 1)W02_ 1)W02_WH9 as (In\NHg)2 Woz_ Hw AT nw oW Ar)

The equations for the argon and mercury functi@rshe found by permuting the indices (e.g., swapAthand
O2 subscripts to obtain thi.(W) function), and the water function found frdm, =1-f,,—f, —f,;.

Alternatively, the following numerical approximati® may be used:

fo, = —1.598425679 3403991486~ . 1805565809+ . 04032284BAV)°,
f, =+3.930746333 8465193581+ . 4 534447049~ . 05593486R%V)°,
f, = —4.044936086 16 336131@7- 1229119840+ . 0 464308626V)°,
fo = +2.71261543211.2749291@/ + 9 56231378/ — . 0 3081809866V}

(D.30a-d)
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Figure D.9: The sensitivity coefficients for the oxygen-wasebrange. The curves show the propagated erroiflikatvin
for a 1 mK error at each of the fixed points.
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Neon-Water Subrange: 24.5561 K to 273.16 K

The ITS-90 interpolation equation is
W, =W -aW -1)-bW -1Y —cInW —d (InW }’ —e(InW )*, (D.31)

where thea, b, ¢, d, and e coefficients are determined by calibration of tRERT at the triple points of
equilibrium hydrogen, neon, oxygen, argon and mgrclihe interpolation may be written in the form

W = szo +W f +Wr,ArfAr +Wr,02.f 02+Wr,Nef Ne+W r,e—HI e-H* (D32)

r r,Hg * Hg

The sensitivity coefficients in this case are tomplex to write down in algebraic form. The followgi numerical
approximations may be used:

fu, =—24.30265746- 42 9979370~ 18 69528065~ . 14 20610008) - 2.778961721IA WV ¥ 0 17881816241WV(
f, =+33.02979668 46 643069M6+ 13 61327@G3+ . 20 51528508) +4.1950863501h \ ¥ 0 27854799551\
fo, =-29.4508740% 39 793476B4- 10 34260069~ . 19 77485468)-4.269113231IA W ¥ 02941747479In (W

(D.33a-f)

f,, =+7.413452875 9508661082+ . 2 09520884% . 5 4239055@4)+1.3844889841A \V ¥ 0 1102290468IW( ),
f, =-1.715380724 2 160321187- . 0 4449404060- . 1 29118558V)-0.3520630280h W 3 .0 03269335415 I
f,,o = +16.02566264 28 80000488+ 13 7743478+ . 9 332968780 +18205626461h W ¥ 0 1169092223 1W( ).
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Figure D.10: The sensitivity coefficients for the neon-watebsange. The curves plot the propagated error itikedivin for
a 1 mK error at each of the fixed points. Note thatsubrange extends only down to the Neon p2h6661 K), although
the hydrogen point is below this temperature.
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